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PREFACE 

This report is the second of a sequence of two reports dealing with the study 
of possible inertial navigation systems for submarine use.   The first report, 
entitled "Theoretical Background of Inertial Navigation for Submarines", was 
issued in March 1951 and dealt with the fundamental problem of inertial navi- 
gation with the discussion restricted to idealized systems.   The present report, 
the second of this sequence, entitled "Characteristics of Systems Feasible for 

Inertial Navigation of Submarines" considers characteristics of nomdeal equip 
ment that must be used in any practical system.   On this basis, one system out oi 
the many theoretically possible types has been chosen as most nearly meeting 
the requirements for submarine operation. 

This work has been carried out under Contract N50ri-0?850 for the Office 
of Naval Research.   The principal responsibility and supervision of the report 
has been carried out by Mr. Forrest E. Houston, Assistant Director of the 
Instrumentation Laboratory, with the assistance of Mr. John Hovorka.   Acknowl- 

edgment  is also due the Technical Publications Division of Jackson & Moreland 
for the preparation of the report. 

Walter Wriglev 

Cambridge, Massachusetts 

October, 1951 
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ABSTRACT 

This report is the result of a study of possible submarine inertial navigation 
methods.   Prior investigation has narrowed the field of inquiry to gravity-field 

navigation, and pointed to a system design based on a stable vertical element 
which is essentially an equivalent pendulum with eighty-four-minute-period 

characteristics, a so-called Schuler-tuni-d system.   The equivalent pendulum is 
represented by a controlled member which is oriented by accelerometer-monitored 

gyro units to indicate the vertical.   The accelerometer units furnish data, which, 
after processing, are used to precess the gyro units and drive the controlled 

member so that it responds to changes in the vertical direction as the ship moves 
along its course over the surface of the Earth.   The gyro units also, in conjunc- 
tion with the same controlled member drives, simultaneously isolate motions of 
the base from the controlled member.   This kind of vertical indicator is described 

in detail in the report, with the discussion including such problems as the effects 
of damping, uncertainties in component outputs, and inaccuracies in inputs from 

external sources.  With this system, Schüler tuning eliminates the requirement 
for precise external compensation.   The optimization of system parameters is 
discussed, and numerical values are given for optimum parameters., 

When the indicated vertical has been established by a controlled m\mber, the 
problem of position Indication can be solved by two general classes of systems. 

In one class, accelerometer data, before or after processing, are integrate\jn an 
open-chain configuration to indicate position change from a known point of origin. 
The accelerometer itself may be doubly-integrating in character, in which case 

position change is indicated by utilizing its output directly.   This class of position 
indicators, deriving position information from integrators appended to the verti- 
cal-indication loops or by direct double integration of acceleration, is characterized 
by simplicity of concept and geometry, i.e., only three concentric gimbals are re- 
quired, no more than are required for vertical indication alone.   However, the 
Integrators, being open chain in nature, also integrate false ground-speed compo- 

nents associated particularly with gyro-unit drift and w>th inaccuracy in Earth- 
rate compensation.   This leads to errors in indicated position which are cumulative, 

depending on, among other things, the time of operation of the system. 
In view of the long operating intervals probably required of a submarine navi- 

gation system, methods for avoiding such cumulative errors are important.   In 

xi 
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this report, it is shown that position-indication .systems of this class, including 
those using a doubly-integrating aceeierometcr, have intrinsic cumulative errors 

in their output, which are reducible only by instrumentation sufficiently precise 
to keep these errors within preassigned limits during the iong operating intervals. 

The second class of position indicators discussed requires, the use of two 

additional gimbals, a disadvantage that is at once offset by (he absence of cumu- 
lative error in latitude indication, and by efficient minimization of cumulative 

error in longitude, using a longitude indicator which operates in conjunction with 
the latitude indicator.   (Longitude, because of its arbitrary nature, has an inherent 
possibility lor cumulative error in its indication; this is not true- of latitude.) 
This class of systems consists of two general types:   the prealigned system and 

the self-erecting system.   Prealignment -.if inertial gyro unit axes, so that they 
serve as "star-lines," presents some problems in a submame installation, par- 

ticularly in the requirement for an azimuth reference.   A self-erecting system 
avoids these difficulties. 

The self-erecting latitude indicator discussed in this report operates in con- 
junction with an azimuth indicator (an inherent gyrocompass) and with the verti- 
cal indicator, as a closed-ioop system which causes a reference direction on a 

fourth gimba'., mounted concentrically with the controlled member, to track the 
Earth polar axis.   A fifth, and innermost gimbal, mounted within the latitude uim- 
bal, carries an integrating gyro unit which serves, with the innermost gimbal 
drive, to integrate celestial longitude rate.   Indicated longitude is derived from 
this integrated rate, while latitude is indicated by the orientation of the polar- 
axis-tracking gimoal relative to the controlled member.   This position-indication 
method is examined from the point of view of practical instrumentation and accu- 
racy of indication.   The problem of ground-speed indication with this system is 
also discussed, and it is shown that ground speed can be obtained with few addi- 
tional components. 

A balancing of the advantages and disadvantages of these systems, while keep- 
ing in view the practicalities of instrument design and the demands of shipboard 
operation, permits the recommendation of the last-mentioned position indicator 

as the most promising.   The study of this position indicator has been sufficiently 
exhaustive to permit the     signment of numerical values to the important system 

parameters.   These are Kiven in the report.   In addition, potentially profitable 
further research  concerning certain specified aspects of the problem is suggested. 
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INTRODUCTION 

Inertial guidance oi submarines is a method for deriving essential navigation 
information - latitude, longitude, heading and speed - from a system that obtains 

its data entirely within the submarine.   Once initial conditions have been inserted 
into the system, it must operate as nearly independently of external information 
as possible, indicating the above quantities with sufficient precision and continuity 

for the successful navigation of the submarine. 
The preceding report in this group, Report R-9, Part I   '*, contains a discus- 

sion of fundamental approaches to this problem.   The basic method discussed 
there involves a stabilized platform as an essential feature.  A stabilization servo 

system receives specific force data from accelerometers or pendulums, and de- 
livers these data to gyro units and platform drives, which cause the platform to 
indicate the vertical.  Two basic methods of utilizing the indicated vertical are 

then available to obtain the submarine's essentially geocentric angle of travel. 
One method, referred to as analytical integratio . ui Part I, involves (he integra- 

tion of accelerometer outputs or of gyro inputs, with the accelerometers and gyro 
units mounted on the stable platform.   The other method, called geometric inte- 
gration, involves the direct comparison of the indicated vertical with a reference 
vertical.  The conclusion arrived at in Part I was that, within the submarine, a 
servo-driven platform on which were mounted two accelerometers (or pendulums) 
and two gyroscopes could be used to indicate the vertical, and, with the addition of 
a third gyroscope, to indicate heading.   The vertical indicator serves to show the 
direction of the Earth's gravity field, and the azimuth indicator shows the projec- 
tion of the Earth's polar axis in the horizontal plane.  This three-axis stabilized 
platform is the basis for various methods of position indication described in the 
preceding report, and in addition inherently provides data on heading, roll, pitch 

and speed. 

It is the function of this report, first, to examine the practicalities of instru- 

mentation of ? platform stabilized about the vertical and in azimuth, and second, 
to re-examine the position-indication methods in the light of necessarily imper- 

fect instrumentation and imperfect external compensations.   This discussion 

serves for the rejection of systems which, while they appeared theoretically 

* Report R-9, fart I. will hereinafter be referred to as Tail I. Superscript numbers in parentheses tefii to the bibliography, 
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feasible as described in Part I, present engineering difficulties in execution. 
It is thus possible to apply certain principles ui selection and compromise, 

which are discussed in the following, to arrive at what appears to be the most 
practical submarine inerüal navigation system.  The discussion of this system 
makes up the largest part of the report.  Appended to the report is a series of 
derivations which render the textual discussion in mathematical terms. 



GENERAL CONSIDERATIONS CONCERNING SUBMARINE 
INERTIAL NAVIGATION 

The essential problem to be discussed is the determination of the present 
position of the submarine on the Earth, from data obtained within the submarine. 
The position is defined in terms of astronomical latitude and longitude, and these 
are in turn defined as two geocentric angles. Astronomical latitude is defined as 
the angle, in the meridian plane, between the local vertical and the vertical at the 
equator. Astronomical longitude is defined as the angle between the meridian 
plane containing the local vertical and a reference meridian plane.  It is to be 
noted that astronomical position and map data are not necessarily identical.* 
Position determination thus reduces to 

1) determination of the local vertical 
2) determination of the angle between the local vertical and two Earth refer- 

ence directions. 

The two Earth reference directions mentioned above may be, respectively, a 
line parallel to the Earth polar axis as indicated by the navigation system, and a 
longitude reference direction set into the system (latitude and longitude are then 

derived directly from angles between the indicated directions); or, alternatively, 
the original vertical and azimuth at the start of the navigation problem may serve 
as references (as in cases where rate or acceleration integration methods are 
used to give the geocentric angle of travel of the submarine from the starting 
point). 

In Part I, ideal components formed the navigation systems considered.  These 

components could of themselves introduce no errors into a system.  Practical en- 
gineering will require the consideration of nonideal behavior of components.  This 
nonideal behavior can be characterized in various ways:  for example, the over-all 

sensitivity of the component can be regarded as uncertain, i.e., there is an uncer- 
tainty in the relation of the output to the input.  Or, as will be assumed in this re- 
port, the component sensitivities may be regarded as pre-set with negligible error, 

although some uncertainty may nevertheless occur in the output of a component. 

* Astronomical position data are derived from a knowledge of the local vertical, while map data, which are in etlect smoothed astro- 

nomical data, are oerived from geodetic triangulation techniques/2).(3),{<) j^ corrections required to bring the two sets of position data 
into coincidence are in general quite small; but if desired, they may be applied in a manner similar to that used lo make variation cor- 
rections to a magnetic compass reading. 



In any case, the nonideal character of a component will be displayed ultimately (in 

the performance equation) by an uncertainty term appropriate to the nature of the 
component and to its role in the system.   The word uncertainty here refers speci- 
fically to the indicated output of the component, and the indicated quantity uncer- 

tainty is defined as the indicated quantity minus some s tatistical average of this 
quantity.   Similarly, the indicated quantity error is defined as the average mdica- 
ed quantity minus the correct value of the quantity.   The negative of the error is 
defined as the correction to the indicated quantity.   Finally, the indicated quantity 

inaccuracy is defined as the indicated quantity minus, the correct value of the quan 
tity.   Therefore, at any instant, the inaccuracy is equal to the e» ror plus the un- 
certainty as here defined.   These distinctions arc profitable because, in the case 
of a component within the system, during the "transient" stage of the motion the 
component output error due to the transient regime is ultimately correctible by 
the system itself, and only the uncertainty in the component output is important. 
But, in the case of quantities brought into the system in open-chain configurations 
from external sources, the system can influence neither the error nor the uncer- 

tainty, and the sum of these, the inaccuracy, becomes the important determinant 
of system behavior. 

DETERMINATION OF THE LOCAL VERTICAL 

The definition of astronomical position given above requires that the vertical 

at the present position of the submarine be indicated by the navigation system.   On 
a stationary base the vertical is, by definition, the direction along which a plumb 

line settles.   On an accelerating base, a plumb line no longer indicates the true- 
vertical; instead, it tends to indicate the direction of the apparent vertical, which 
is a function of the acceleration of the base.   It was pointed out in Part I that a 
useful vertical indicator on a moving base can be conceived of as an accelero- 

meter-monitored servo-controlled platform which acts as a lonr period equiva- 
lent pendulum.   The dynamics of this system would be adjusted by Schüler tuning. 
This tuning consists in selecting an undamped natural resonant frequency for the 

equivalent pendulum, consisting of the platform with its control systems, such 
that the error in the indication of the vertical by the platform is substantially in- 
dependent of horizontal accelerations of the base. 

There is a subtle, basic difference between this kind of vertical indicator and 
conventional stable verticals and artificial horizons. The latter two navigational 
aids represent a philosophy in which gravity and accelerations are considered as 
essentially different physical factors. They require precise compensation inputs, 
that is, ship-motion data must be available independently and of the same order of 
precision as that desired in the indication of the vertical direction. This is due to 

the fact that the vertical is associated with gravity alone, and accelerations are 



considered us Interferences.   However, the Sehuler-tuned vertical indicator dis- 
cussed above does not require precise compensation inputs to assure small steady - 

state errors.   Fundamentally, this is because in a Schuler-tuned system the indi- 
cated vertical is not associated with gravity alone, nor are accelerations of the 
base to be regarded as interferences; instead, the vertical   and accelerations of 
the base  are interrelated through the geometry and kinematics of motion over the 

essentially spherical earth, with the resultant minimization of the importance of 

external compensation data.   It is true that compensation inputs will be required 
by a practical vertical indicator of the Schuler-tuned type, but their required pre- 
cision is such that complete failure of compensations should not seriously impair 

the system performance; they act as a factor of safety.  On the other hand, sys- 
tems without Schüler tuning cannot achieve required performance unless the com- 
pensation is of a high order of precision. 

The essential operating components of the vertical indicator under discussion 
are shown in Fig. 1.  Two single-axis accelerometers (or pendulum units) and 
three single-axis* integrating gyro units are shown.   This system is described on 

p. 22 of Part I.  In terms of the component functions, the system is described there 
from the standpoint of three subsystems: 

1) a system for obtaining data on the resultant specific force on the platform 
(controlled member) by means of either accelerometers or pendulums: 

2) a system for orienting the controlled member in response to data from (1), 
so that the controlled member indicates the vertical; this involves gyro 
units and servo drives; 

3) a system for modifying data from (1) before they are applied to (2), to con- 
trol the dynamic performance of the whole system. 

A gyro unit is characterized by an ability to maintain a fixed direction in iner- 
tial space, when nj torques are applied tr '*..   In this system, torques applied by 

the roll and pitch of the ship are removed oy fast gyro-monitored servo drives, 
which orient the controlled member and the gyro units mounted on it with respect 

to the outer gimbals; and at the same time, torques applied by the processed ac- 
celerometer data, acting to precess the gyro units more slowly, cause die control- 
led member to rotate approximately geocentrically at the angular velocity of the 

indicated vertical.  A second kind of system is conceivable, in which the gyro units 
are mounted on a gimbal separate from the controlled member carrying the ac- 

celerometer units, in which case the controlled member can be oriented with re- 
spect to the gimbal carrying the gyro units.   This gimbal then remains fixed in in- 
ertial space, serving ultimately as a source of reference directions, or  'star lines" 

* The choice of single-axis gyro and accelerwMtei units, as compared with two-axis units, has been madf on tss basis 

studies'5'. 
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carried within the system, for position indication.  Interference isolation against 
deck motion is then obtained by thf> gyrn-mnnitnred gimbal drives, :tnd the cor. 

trolled member drives need no gyro units.   The practicability of this scheme in 
submarine navigation will be discussed later in this report.   In both this system 
and that shown in Fig. 1, the principal function of the gyro units is to obtain base 
motion isolation, and the angles between the gimbals external to the controlled 
member indicate roll and pitch of the base, and therefore of the submarine, inci- 
dental to the   indication of the vertical by the controlled member. 

DETERMINATION OF POSITION 

Once the problem of the indication of the local vertical has been solved, an 
attempt can be made to indicate position with the data implicit in the vertical in- 

dicator.   For example, suppose it is desired to indicate latitude by integrating, 
with respect to time, the input signal to the y-gyro unit,i.e., the unit controlling 
motion about the east-west axis.   This signal is proportional to the y-component 

of the angular velocity of the indicated vertical, and its first integral is approxi- 
mately proportional to the angular displacement of the indicated vertical in the 

meridian plane, from some starting position which serves as a reference.   The ap- 
proximation, however, depends strongly on the instrumentation, and can lead to 

serious difficulties in maintaining correct position indication at all points on the 
course. 

It was mentioned before that two classes of torques act to precess the gyro 
units; those due to base motion, i.e., roll and pitch of the ship, and those due to 
processed accelerometer data.  A third source of torques on a gyro unit lies in 

such phenomena as mass-unbalance and friction within the gyro unit itself.   These 
will be referred to as uncertainty torques.  They give rise to an uncertainty in the 
gyro unit gimbal angular velocity called gyro unit drift.   This drift is indistinguish- 
able in the gyro unit output from the true angular velocity of the indicated vertical; 
i.e., gyro drift produces the effect of a false ground speed component. 

There is a similar additional source of false ground speed which comes about 
in the following way:  Suppose that, by means of a gyro compass operating in con- 
junction with the z-gyro in Fig. I, the controlled member is oriented with the x- 
axls tracking true north, so that the y-axis is pointed approximately east.   Then 
the x-axis gyro unit will sense the horizontal projection of the sidereal rotation of 
the Earth (hereinafter referred to as horizontal Earth rate), while the y-axis gyro 
unit will not.  The x-axis gyro unit, if the controlled member is to be kept in the 
horizontal plane, must be compensated for horizontal Earth rate, i.e., this parti- 
cular input angular velocity component must be cancelled in some way.   One pos- 



sibility is to preeens the gyro unit with a signal proportional to horizontal Earth 
rate.  This results in a compensation torque on the gyro unit which exists in ad- 
dition to the torques discussed previously.   Lark of precision in this Earth-rate 
compensation input will result in a residual gyro unit gimbal angular velocity in- 
accuracy.   This inaccuracy is functionally identical with the aforementioned gyro 
unit drift in its effect; combined, these constitute a false ground speed component. 

Note that, since the.se errors are essentially dynamic, they leave the steady- 

state indicated vertical unaffected.   This i    so because the system is aceelej-ometer 
monitored, and the integrator between the aecelerometer and the (tyro automatically 

acquires the proper bias to null this false ground .•-peed component; the indicated 
vertical is unaltered.   These phenomena are common tu all .systems which use ac- 

celerometers or pendulums to track the apparent vertical and which use precessed 

gyro units to effect base motion isolation. 
The aforementioned false ground speed components are necessarily included 

in the integration of rate or acceleration data to indicate position, and lead to an 
error in position which increases with time.   Further examination will show that 
such cumulative errors are unavoidable with this method of indicating either lati- 

tude or longitude. 
Similarly, the direct double integration of the angular acceleration ol the in- 

dicated vertical, by whatever method - e.g., a doubly-integrating aecelerometer - 

involves again a cumulative error in the indicated position.  A false acceleration 
component, corresponding to the false ground speed component in another part of 
the vertical indicator loop, is responsible for the cumulative error in this case. 
Thus, these "open-chain integration" and direct double-integration methods of 
indicating position, while having the virtue of relative simplicity, simuit.ineou.slv 
present serious drawbacks in practice. 

A further diffk Jty enters this problem when the possibility of integrator drift, 
a common characteristic of such devices, is considered.   In the aecelerometer data 

processing, drift in the integrators used will affect the indicated ground speed, 
while in open-chain integrators used to determine position, integrator drift will 

lead to cumulative errors in the indicated position,   The entire problem of 
cumulative errors is traceable to the fact that only indicated, not true, motions 
are available as data from the vertical indicator; more generally, aboard the ship, 
motion,' of the various parts of the system with respect to each other and to the 
ship are the only motions from which the position of the ship can be deduced. 

It is therefore of interest to consider the possibility of establishing an inertia! 

reference, fixed in space, and relatively independent of the aecelerometer-moni- 
tored controlled member.   As was mentioned in the discussion of vertical indica- 

tion, the accelerometers of Fig. 1 might be mounted on the controlled member as 
shown, but with the three gyro units mounted on a separate platform, which re- 



mains fixed in inertial space; then the controlled member can be rotated With re- 
spect tu the platform by a sidereal time drive, about a "polar axis" established on 

the gyro unit platform.   Evidently, latitude and longitude ran, with suitable initial 
gyro unit alignment, be indicated directly as angles between gimbals.  Only two 
cumulative errors are then possible:   that due to gyro unit drift, and that due to 
inaccuracy  in the sidereal time drive.   Al the present time accuracies  of the 

order of one part in one hundred thousand appear attainable  in manning si- 
dereal time drive angular velocity to Earth rate.   It may, therefore, be expected 

that the gyro unit drift will be the major source of error in a system of this 

type. 

This situation appears to be unavoidable in the case of longitude indication. 
Astronomical longitude is not a unique quantity; only longitude difference with re* 
spect to a present reference can be indicated.   The indicated longitude will in no 

case be more precise than this reference setting.   Furthermore, it must be ob- 
tained by some form of integration (as in the case just described, where the gyros 
and drives act as integrators), with the concomitant cumulative error. 

Latitude indication is not necessarily bound by these restriction.-.   A self- 
erecting latitude system is conceivable, with a gimbal which moves with respc-ct 
to the controlled member until the gimbal is parallel to the Earth polar axis. 
Thereafter the gimbal moves at the indicated latitude rate, about the east-west 

axis, with respect to the controlled member; it is monitored by the azimuth stabi- 
lizer, and ultimately by the y-axis accelerometer.   The angle between this gimbal 
and the indicated horizontal is then the indicated latitude. 

These matters will each be discussed in more detail on the pages following. 



THE DAMPED VERTICAL INDICATOR 

An undamped vertical indicator of the type considered in Part I, pp. 28 if., is 
necessarily subject to a fixed-amplitude continuous oscillation with an 84-minute 

period.  Such a system might be practical under the following conditions: 

1) The time of operation is sufficiently short, i.e., of the order of one period. 
2) The initial conditions are set into the system with sufficient precision, i.e., 

such that the amplitude of oscillation plus the steady-state error, where it 
occurs, will not exceed the preassigned error in the indication of the verti- 
cal. 

In submarine operation, an operation time of the order of at least eight Schüler 
periods must be allowed for, and in addition the precision of the initial settings is 
likely, for practical reasons, to be somewhat poorer than the ultimate accuracy 
desired in vertical indication.  The long operating time allows a large probability 

for the system to be disturbed during a run, making it possible to incur ei rors 
larger than these associated with uncaging of the instrument.   Insufficient preci- 
sion in initial.condition settings requires that the system reduce its amplitude of 
oscillation after the submarine is set in motion. 

Evidently, an undamped system satisfies neither requirement.   On the other 
hand, a damped system suffers from two serious limitations: 

1) Insofar as damping suppresses high input frequencies, it lengthens the 

solution time.*   This effect is important both when the system is initially 
uncaged, and when it suffers transient disturbances while the submarine 
is in motion. 

2) The delay in achieving a solution is operative at other times also; effec- 
tively, a damped system responds to values of the input averaged over a 
time of the order of the solution time, rather than to instantaneous input 
values. The result is manifested as errors which depend on the rapidity 
of the inputs.   These are called forced dynamic errors (cf. Part I, p. 1?!. 

* Solution time is defined (at these reports as SUP time reejuirrt lot a system fa achieve ninety-five percent ol th? change ?r'    at«! 
with a given input change. 
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This unavoidable compromise between short solution time and small forced dyna- 
mic errors confronts the designer of any practical system. 

Consider the vertical indicator of Fig. 1.   The simplest damping method might 
involve putting a direct oy-pass around the integrator, between the accelerometer 
and the gyro unit.   However, this corresponds to a high-pass flltei, ind would re- 
suit in a system that is excessively responsive to high* frequencies, some of which, 
in view of the practicalities of instrumentation, can be expected to be spurious. 
The resultant system is analogous to a pendulum with frietional damping, and is 
describable by a second-order differential equation. 

High-frequency suppression can be obtained by combining the integrator and 
by-pass with a low-pass filter, which can be represented as an integrator with 
direct feedback.   This kind of system is shown in Fig. 2.   Its performance equation 
is derived in Derivation 1A.  (Derivations are included in the Appendix, beginning 

on page 52).   The differential performance equation, Eq. (1-16), is of third order in 
time derivatives of the correction to the indicated vertical.  The tuning of the sys- 
tem to an approximate 84-minute period (Schüler tuning) is therefore possible in 
alternative ways.   In terms of the physical inputs to the system, Schüler tuning 

may be accomplished by: 
1) minimizing the acceleration error, or 

2) minimizing the jerk (acceleration derivative) error. 

The result of each method is displayed in the two amplitude- ratio vs fre- 
quency-ratio logarithmic plots, Fig. 3.   It should be noted that, were the damping 

sufficiently reduced in either system, the system would approach an equivalent 
Schüler pendulum with a natural frequency corresponding to a frequency ratio of 
unity (since the reference frequency is the Schüler frequency).   But the frequency 
ratio for maximum amplitude ratio is higher for acceleration-error minimization 
and lower for jerk-error minimization, the departure of the frequency ratio from 
unity being determined in both cases by the damping.**   The relative heights of 
the peaks in the curve are also determined by the damping. 

The choice between the two response functions can then be based on whether it 
is desirable, relatively, to suppress low frequencies or high frequencies; i.e., 
whether the expected forced errors due to necessarily imperfect compensation in- 
puts will be primarily of a high- or low-frequency character.   (Instrumentation er- 
ror «ill presumably be sufficiently reducible to give the desired over-all accuracy). 
The assumption in here made that these uncontrolled forced errors will be short- 
period, compared with 84 minutes, and in Derive ion 1A, the jerk error is minimized 

* It 15 assumed that the system in this discussion wilt ee S^huler-tuned. so thai the iptpietn.■ ('»fluency corresponds to 3 period ol 
84 minutes. 

'* Specifically, by the damping ratio, which is defined as the ratio of the actual dapping to critical damping. 
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Fig.   3. Amplitude   ratio   (correction   to   indicated   verticol/ii.accurocy   in   water-speed 
compensation) vs. frequency ratio (input frequency/Schuler frequency) for two vertical 

indicators: (1) with jerk error minimized by Schüler tuning,acceleration error minimized 
by choice of undamped natural frequency, and (2) with acceleration error minimized by 
Schüler tuning, jerk error minimized by choice of undamped   natural    frequency. Damping 

ratio is 0.3 in both cases. 

by an adjustment of the system parameterr,which corresponds to Schüler tuning 

(Eq. (1-13)). 
The acceleration error, however, remains.   It is proposed to minimize this 

with a signal representing the appropriate ship velocity component.   In the case of 

the x-system, this component is the longitude rate;   in the y-system, the latitude 

rate.   This velocity component, hereinafter referred to as the water-speed com- 
pensation, is fed from ihe ship pitometer log, through the azimuth revolver, to the 
high-frequency integrator;   the effect of this treatment of the ship velocity signal 

is to minimize the acceleration error, if the signal is suitably adjusted (Eqs. {1-14'i 
and (1-15)).   Actually, the error could be made more nearly zero it the ship velo- 

city with respect to the Earth were available as a datum;   even a perfect pitometer 
log can give only the water speed.   Therefore, ocean current gradients (although 
not the ocean current itself) are included along with uncertainties in the water- 
speed indication in the velocity-compensation inaccuracy (see Eq. (1-14)). 
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The differential performance equation, Eq. (1-16), is, as observed   third order, 

with the following principal forcing terms, shown on the right-hand side of the 

equation in the order given: 
1) A term proportional to the rate of change of the inaccuracy of the water- 

speed compensation with respect to true ground speed. 
2) A term proportional to the rate of change, and second rate of change, of 

the inaccuracy in the Earth-rate compensation current, and a gyro drift 
error term proportional to the rate of change, and second rate of change, 

of the gyro gimbal angular velocity uncertainty. 
3) A term proportional to the accelerometer output uncertainty and to its 

rate of change, and a term proportional to the difference between the rate 
of change of the uncertainty in the output of the low-frequency integrator 
by-pass and the rate of change of the uncertainty in the feedback channel 
output.   These constitute an acceleration error. 

The left-hand side of Eq. (1-16) is concerned with the system dynamic char- 
acteristics.   Derivation IB deals with the assignment of numerical values to these 
characteristics.   The dynamic performance can be described in terms of the damp- 
ing ratio and the undamped natural frequency of the quadratic term, and the char- 
acteristic time of the first-order term.   The numerical values of these three quan- 
tities ultimately determine the actual values of component sensitivities (Eq. (1-1?)). 
These three parameters are chosen for convenience in the system design, since 
they are universally applicable to linear systems of this general nature.   In Deri- 
vation IB, the numerical values are assigned according to the following procedures: 

1) The damping ratio, as has been observed, has an optimum value of zero, 
but the resulting undamped system would be objectionable for the reasons 
given.  The chosen damping ratio is therefore a compromise.   The smallest 

damping ratio consistent with a reasonable solution time is considered to 
be about 0.3. 

2) The resonant frequency for the undamped system is selected to minimize 
the acceleration error in Eq. (1-12), before the water-speed compensation 
is applied.   It is desirable to do this because of the aforementioned ex- 
pected difficulty in providing a perfect velocity-input in making the com- 
pensation.  The resonant frequency thus found is determined by the chosen 
damping ratio, and is 95.4 percent of the Schüler frequency. 

3) Given the damping ratio and the resonant frequency for the undamped sys- 
tem, the characteristic time is determined by Eq. (1-24) to be 1.43 hours. 

The transient behavior of the system is studied in Derivation 1C by consider- 
ing the homogeneous equation, Eq. (1-27), derived from Eq. (1-16).   As in Deriva- 
tion IB, it is assumed that the left-hand side of Eq. (1-16) is factorable into a first- 
order term, containing the characteristic time, and a second-order term, containing 
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the damping ratio and the natural frequency,   Laplace transform methods then 

furnish the solution (Eq. (1 -30)).   Thr correction to the indicated vertical contains 
the following two important groups of terms: 

1) A damped exponential, controlled by the characteristic time. 
2) A damped sinusoid, with a maximum-amplitude frequency dependent on the 

damping, as has been observed; the frequency ratio at the frequency of 
maximum amplitude is equal to unity minus the square of the damping 

ratio.   The damping of the sinusoidal term is controlled by the damping- 
ratio-naturrl-frequency product. 

Refer again to Eq. (1-16) of Derivation 1.   On the right-hand side of the equa- 

tion are several forced-error terms, which will be discussed in terms of a method 
to be outlined below.  The most important forced errors are caused by the follow- 

ing: 
1) velocity compensation inaccuracy, 
2) gyro unit drift, 
3) accelerometer output uncertainty. 

The functional form of these errors is not precisely known; this obviates the pos- 

sibility of obtaining a particular solution to Eq. (1-16) by such means as Laplace 
transform methods.   However, it is possible to exclude certain regions from the 
frequency spectrum of each of these forced errors as being highly improbable. 
This fact, coupled with the frequency response of the system to sinusoidal varia- 
tions in each of the forced errors taken individually, permitt some statements to 
be made concerning the effect of these errors on the over-all accuracy in the in- 

dication of the vertical. 

Thus, since the exact frequency spectrum  for each error is unknown, it can 
first be assumed that all frequencies occur with equal amplitudes, i.e., that the 
input to the system consists of "white noise".  A harmonic analysis of the output 
then gives the normalized frequency response.   Figure 4 shows the result of such 
an analysis applied to the velocity-compensation inaccuracy.  The curve exhibits 

a peak near the Schüler frequency.  At high and low frequencies the response is 
much attenuated.   The conclusion is that velocity-compensation-inaccuracy oscil- 
lations having frequency components near the Schüler frequency will be most im- 
portant, and that other frequencies will be less so.   To evaluate the net effect of 
the velocity-compensation inaccuracy on the over-all error, then, it must be 
known whether or not frequency components in this forced error are near the 

Schulor frequency.   Little data are available on this subject, but the presence of 
84-minute period forcing functions for an appreciable length of time does not ap- 
pear likely. 

IS 



Similar considerations apply to Figures 5 and 6, which apply to the gyro drilt 

and accelerometer uncertainty errors, respectively. 
Since thin is; a single-axis system, and two such systems, geometrically   ortho- 

gonal, are required for vertical indication, the coupling between two similar sys- 
tems was investigated, as follows:   An equivalent complete vertical indicator, rep- 
resented by  Eqs.  (1-39) and (1-40) in  Derivation  11),  was set up on a  Reeves 

Electronic  Analogue Computer  (HEAC) in the Instrumentation  Laboratory 
The simulated vertical indicator was effectively uncaged with equal  errors 

in the  vertical about both the x-  and y-axes.     The system   came   to   rest in the 

manner of a damped Foucault pendulum " (the damping ratio chosen was 0,3),   Fig- 

MAl<ACHUit;TS   iNSTlTyT^ of  TfcCHHOLOG* 
INl'HUMlKTATION   LAIO«ATOK' 

AEO   t,     f £ H D.-./o   Z    57 

10-3 I0'1 
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T,    HV ,K 

XV uv iO? 

T, ..<,row> 

Fig. 4.   Effect of water-speed compensation inaccuracy on vertical indication, as a function 
of frequency. 
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ure 7b shows a plot of x- vs y~ displacements from the true vertical as a solution 
was reached.   It is seen that the projections of the two-dimensional oscillations on 
the x- and y- input planes are practically the same, a situation that would occur 

for decoupled x- and y- systems (Fig. 7a).   The conclusion is that this two-dimen- 
sional pendulum effect can be neglected, and single-axis results are immediately 

extensible to the three-dimensional case.   These remarks are important because 

in subsequent discussions it will be assumed that as a good approximation, the x- 
and y-systems are independent. 
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POSITION INDICATION 

POSITION INDICATION BY ANALYTICAL INTEGRATION Of- RATES 

A distinction was made in Part 1 (p. 27) between two general method* of posi 

tion indication;   analytic integration of the accelerometer output data, and geo'ne- 

tric integration of the accelerometer output data.   These method;- will be defined 

again here in the same way.  Analytic! integration it- characterized by a modifi- 

cation of the accelerometer output data by means uf two integrators, so that the 

output of the second integrator is a signal proportional to the essentially geocen- 

tric angular displacement.  Geometric integration, on the other hand, is character- 

ized by a physical comparison of the indicated vertical with a reference vertical; 

the angle between these two verticals gives the indicated position. 

First, analytical-integrating systems will be discussed. They will be treated 

in terms of single-axis damped systems, with vertical indication provided in each 

case by a system similar to th.it of tig. 2. 

Open-chain integration ot the_ angular velocity uf the- indicated vertical 

This system is shown in Fig. 8.   A performance equation, Eq. (2-9). is derived 

in Derivation 2A, to assess the effect of component uncertainties and input mac. 

curacies (which are treated as in Derivation 1).   The correction to the indicated 

position as given by Eq. (2-9) is equal to the following sum: 

1) the initial position correction, 

2) the change in the correction to the indicated vertical, 

3) an indicated ground speed integral with the time of operation as its limits. 

The most serious source of error is the last term, in which Earth-rate compensa- 

tion inaccuracy, gyro drift, and the position-integrator drift, which appear as false 

ground-speed components, are integrated with respect At time.   This cumulative 

error, unlimited except by the time of operation, is the direct result of the open- 

chain nature of the last integration giving the position.   Note that a one-nautical- 

mile-per-hour false ground speed component gives rise to a minute of arc error 

in the indicated position for each hour of operation time.   A false ground-speed 

component of this magnitude would correspond to a gyro drift of about 0.015 de- 

gree per hour, or to an Earth-rate compensation signal which failed to be constant 

to within less than 0.1 percent or to a position-integrator drift of one minute of 

arc per hour.   Several hours' operation lime can thus be expected to give rise to 
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excessive errors, unless this I.U-e ground speed compom-nt run be kepi sufficiently 

small.   The relative simplicity oi conception oi th<- method of position indication 

is thus offset by a disadvantage m the high precision of the instrumental ion rt 

quired to minimize the false ground speed component.   The magnitude of the op- 

eration time it, a strong determining iactor in judging the practicability of thi: 

system, and is iu be balanced against possible instrumentation problems, which 

must include stability and maintenance con; (derations in tin' initial design proce- 

dure.   In submarine navigation, operation time interval.- oi the dreier of several 

hours are required; moreover, the operation time is necessarily somewhat indefi- 

nite in any case, a situation to be contrasted, for example, with the guidance oi a 

vehicle over a preselected course between a given starting point and destination. 

Systems of this type, i.e., those subject to cumulative errors, are therefore' to be 

regarded with disfavor as solutions to the submarine navigation problem. 

Open-chain double integration of the angular acceleration of the indicated vertical 

This system is shown in Fig. 9, and a performance equation, K'q. '2-37), is 

derived in Derivation 2D.   The most important effect of component uncertainties 

and input inaccuracies is to create two cumulative error terms.   In view of the 

previous discussion, these terms will now be examined.   One oi the terms is a 

single integration, with respect to the time oi operation, of a false ground speed 

component; the other is a double integration of a false acceleration component. 

The presence of a term of this form is traceable to the open-chain double integra- 

tion peculiar to this method of position indication.   In connection with the false 

ground speed component, note that there are four principal sources oi error: 

1) a term proportional to the initial value of the correction to the indicated 

vertical, 

2) gyro drift, 

3) Earth-rate compensation inaccuracy, 

4) velocity compensation inaccuracy. 

A false ground speed component of one nautical mile per hour, giving rise to an 

error of one minute of arc in the indicated position for each hour oj nperati >n time, 

corresponds to an initial correction to the indicated vertical of 0.03 minute of arc. 

or to a gyro drift of 0.003 degree per hour.   Evidently, the difficulties in accurate 

position indication associated with cumulative error in the previous case discussed 

are here even more serious,   further examination of the errors incurred in using 

an open-chain double-integration method confirms this.   Therefore, the considera- 

tions   if the effect of cumulative errors on ;i submarine navigation system given in 

the previous rase warrant rejection of the present method as mfeasible. 
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Direct double integration of acceleration 

Tliis .system is shown in rig. 10,   The aceelerometer hen:' is inherently doubly 

integrating (Part I, p. 34:, and therefore is an immediate source ol po; itiun data. 

A  modification of tl>■• vertical indicator oi  fig, 2 is used;   this t:- discussed at the 

beginning ul Derivction 2C.   In Derivatton 2C a performance equation (Kq. (2-67)i 

for position indication is also derived.   The most significant errors are cumulative, 

as in thi' two previous cases, i.e., proportional to a false ground speed ( omponent 

integrated over   the tune of operation.   The integrand contains the iullowing two 

principal sources of error: 

1) gyro drift, 

2) Earth-rate compensation inaccuracy. 

The same conclusions regarding indicated position errors apply to this cast as 

apply to the case of the single open-chain integration method already discussed. 

That is, a false ground speed component of one nautical mile, creating a minute ol 

arc error in the indicated position for each hour of operating time, corresponds to 

a gyro drift of about 0.015 degree per hour, or to an Earth-rate compensation er- 

ror of 0.1 percent. 

Again, although the method appears superficially simple and therefore of po- 

tential applicability, the long time of operation encountered in submarine naviga- 

tion woi'ld probably make instrumentation problems difficult. 

Note that fhere is a duplication of effort, so to speak, involved in differentiat- 

ing the already-integrated position data to obtain the velocity signal required to 

precess the integrating gyro unit.   This situation can be avoided by using a rate- 

gyro unit and omitting the differentiating network, but this would involve poorer 

drift characteristics in the gyro unit than can be obt.ined with an integrating gyro. 

Retention of the differentiating network, on the other hand, involves accentuated 

system response to high frequencies.   It is possible that this problem might be 

resolved by further study.   However, the cumulative errors would still be present, 

and appear to be unavoidable.   For this reason this system is rejected as not being 

applicable to the submarine problem. 

AZIMUTH STABILIZATION 

All of the foregoing systems require some form of azimuth stabilization, i.e.. 

orientation of the controlled member in the horizontal plane about the z-axis. so 

that the x-axis indicates north.    This problem is discussed in Part I. pp, 43 If. and 

H3 if.   The basic stabilization method will be reviewed briefly here, after which 

th.' problem will be considered in detail, since the self-erecting latitude indicator 

to be discussed below, operates in conjunction with tiie azimuth stabilizer. 
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The y-gyro unit in the vertical indicator, that is, the one who.se input axis 

coincides with the y-axis, senses two angular velocity components:   the y-axis 

component of the angular velocity of the indicated vertical (normal to the indicated 

meridian plane), und the component ol Earth-rate projected on the y-axis (see 

Fig. 11).   The y-axis Earth-rate component is a measure of azimuth misalignment, 

i.e., the departure oi the indicated east axis (the y-axis) Irom true east (the Y-axis;. 

Specifically, this angular velocity component is proportional to the : ine of the cor- 

rection to indicated north, defined as the angle between true north (the X-axis; and 

indicated north (the x-a.xis).   (Since the correction is kept small by the system, ;h< 

sine of the correction is taken as equal to the correction itself m the azimuth stabi- 

lizer synthesis given in Derivation 3.) The y-axis Earth-rate angular velocity 

component can be nulled by rotating the controlled member in the indicated hori- 

zontal plane about the /.axis until the y axis: points east and the x-axis points 

north.   This is accomplished in the manner described in Part 1.   Consider the 

special case where the angular velocity of the indicated vertical is zero, and an 

VERTICAL COMPONENT 
OF 

EARTH RATE 

PROJECTION  OF 
HORIZON'AL COMPONENT 

OF 
EARTH RATF 

ON Y AXIS 

ffiUE   LATTUDE 

|     INDICATED 
i NORTH 

,-X CORRECTION   TC 
• *v[)iCATED  NORT H 

TRUE 
NORTH 

HORIZONTAL 
COMPONENT 

EARTH   RATE 

Fig. 11.   Horizontal Earth-rate component projection on y-Ticis due to aiimuth misalignment. 
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azimuth error is present, with the y-axis pointed somewhat north of ■.•a.st.   As 

stated, the y-gyro will .sense the component ol Earth-rate projected on the y-axis. 

The y-gyro unit then sends a signal to the controlled member drive Which rotates 

the controlled member about the y-axis, i.e., causes the x-axis to dip    This in 

turn will cause the y-axis accelerometer unit to send ^n orienlational control 

signal to both the y- and /.gyro units.   The signal to the y-gyro and its associated 

drive will tend to level the controlled member, while the signal to the /.-gyro unit 

will produce a simultaneous rotation ol the controlled member about the indicated 

vertical until the angular velocity sensed by the y-gyro unit is substantially zero, 

with the y-axis pointed east (i.e., perpendicular to the vector representing the 

horizontal component of Earth rate).   11, removing, the restriction above, the base- 

has a velocity component in a northward direction, the y-gyro will lie nulled when 

it is pointed slightly north of east (and south of east for southward velocity,!.   That 

is;, the y-axis will tend to align itself in ihe direction of a vector perpendicular to 

the vector resultant of the horizontal component oi the angular velocity of the 

Earth (in the direction of irue north) and the northward angular velocity of the 

base (in the direction of trvc west). The steady-state indication of east (and north; 

will bo in error by an angle whose sine is the ratio of the northward angular velo- 

city of the base to the horizontal component of Earth rate.   This error will be dis- 

cussed later in more detail. 

An additional angular velocity component that is sensed by the z-gyro unit is 

the vertical component of Earth rate.   To prevent the controlled member from 

being rotated about the z-axis at this angular velocity, an Earth-rate compensation 

signal must be provided.   The effect of the compensation is to maintain the gyro- 

unit axes in a coordinate system fixed with respect to the Earth rather than with 

respect to inertial space.   The compensation signal which preeesses (lie z-gyro is 

proportional to Earth-rate multiplied by the sine of true latitude.   In the practical 

case, as given in Derivation 3, this compensation signal is derived from the x- 

orientational control signal which contains Earth rate multiplied by the cosine of 

true latitude.   This signal is multiplied by the tangent of indicated latitude, derived 

from the latitude indicator, to furnish the z-gyro unit Earth-rate compensation. 

The y-gyro unit is thus the signal source for the azimuth drive as well as one 

of two signal sources for the y-vertical indicator drive, the second source in the 

latter case being the y-accelerometer.   In this sense the y-gyro unit may be refer- 

red to as the east-seeking gyro unit, since, with the aid of the y-accelerometor and 

y- and z-controlled member drives, its irput axis tracks true east. 

As indicated above, the y- and z-systems are coupled, and their dynamic charac 

teristics are interrelated.   Part I which treats undamped systems exclusively, 

shows (pp. 83 ff.) the nature of the interdependence when the /.-system is a second- 

order system (i.e., representable by a second-order differential performance 
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equation.  When the y-vertical indicator is damped, in the manner shown in Fig. 2, 

the coupling becomes more complex.   It has been found feasible, in the latter ease, 

to represent tiie z-system by a first-order equation, Kq. (3-21), in Derivation 3. 

This equation is applicable to the /.-system shown in Fig. 12. 

The characteristic time of the z-system is an important adjustable parameter. 

Stability considerations* place a lower limit on its value when the y- and /--systems 

are combined into a single fourth-order system.'' Figure 13 shows a series of 

transient-response curves for the coupled y- and /.-systems, taken with the REAC. 

The following assumptions were used in simulating the problem on the analogue 

computer: 

1) The y-system is Schuler-tuned and has a damping ratio of Ü.3, when de- 

coupled from the z-system.   (It is assumed, incidentally, that in the practi- 

cal case the x-system would have similar characteristics.) 

2) Component uncertainties and input inaccuracies are ignored, since they do 

not primarily affect stability. 

3) The system is supposed to be on a stationary base, so that the oscillations 

shown in Fig. 13 occur about the fixed directions of the true vertical and 

true north, respectively. 

It will be seen from Fig. 13 that the general effect of decreasing the character- 

istic time is to decrease the system damping.   The general effect of increasing 

the characteristic time is to increase the solution time.   The entire system re- 

sponse is in addition a function of the true latitude.   Neither latitude variations 

from zero to 80 degrees, nor z-channei char°cteristic-time variations of compar- 

able effect,have much influence on over-all stability for a characteristic time of 

about 1.3 hours; and this value allows a solution time in azimuth of about four hours, 

or three Schüler periods.   The value 1.3 hours is therefore chosen tentatively as 

an optimum z-channel characteristic time. 

The effects of errors due to imperfect components and external inputs to the 

system deserve examination.   Equation (3-25), the last equation in Derivation 3, 

displays these sources of error when the y-system, z-system, and the self-erect- 

ing-latitude-system (to be discussed in the pages following) are regarded as a 

single system having a fifth-order performance equation in time-derivatives.   As 

far as errors are concerned, those associated with the steady-state behavior of 

the system are of greatest significance, since the other errors are zero except 

under transient conditions.   There arc two such sources of steady-state error: 

* Specifically, if Route's stability criterion is applied In the y- and /-combined systems, and the y-system is Schuld tuned sue has 
a damping ratio of 0.3 when decoupN from the «-system, the characteristic lime ol the /-system has ?. lower limit ol approximativ 0.41 
hour. 

** flie x-system will no! enter these considerations, because of the aforementioned Foiicault ßendtihsm study. 

28 



-o 
«I 

D 

a. 
a. 
a 
E 
ti 

3     E 
E 

TTT* 

E 
o 
k 

0 
■5 
u 

t 
o 

29 



t % 
11 i -s 
L o 
* 00 

M   -O 

- § 
-a . 
c m 
o  ■» 

>      *> 
-1 
*  'Z 
u — 
3 

O 

0 ~: 
u ^ 
f E 
1 o 

-T3 =» 

£ en 
Z 
u 

c £ o r, 

II 
K    Z 
£  u 

M      « 

N   o 

1J *- > 
'!■ OJ 
<1> 

n n 
(/> 

-f ■i- 

■UJ X' 
-r £ 

5 I 

«   E 

f»>    C 
i—     O 

,i 

.10 



o 
a 

*      3 

a   2 

o   « 
£ ■- 
c   c 
«i   o 

IJT 
E  T» 
O     ti 
u   c 
» ö 

.5   c 
O   'Ö 
S   E 
a — 
0   o 
_      LI 
o  'Z 

a c 
a. £ c * 

I s 
it 

1 s 
l t 

i   o 

tr. *• 
o 

3! 



1; A term proportional to the inaccuracy in the latitudt -rait  fwatt r-sju-edi 

compensation.   This term varies as tin- secant of latitude.   At latitude 

4o degrees an iiiait jury in the latitude-rate eunipensattoii   if o,7 knot will 

create a» error ol one mil* tn indicated azimuth. 

2i   A term proportional to y-gyro unit drill.   This term also vane:   as the se- 

cant u! latitude.   At latitude 45 decree.' , a driit of 0.01 decree pel  hour v.til 

create an error oi one mil in indicated azimuth. 

The first of these two error* would involve the aforementioned ratio of the latitude 

r.tte to the hori-. aitai component of Earth  rate.   The use oi a northerly water-: peed 

compensation signal reduce:  this error to the residual one given above, which is 

due to the inaccuracy in the water-speed compensation.   Note that no cumulative 

errors are incurred in azimuth indication. 

"OSinON INDICATION B> Of QMS rRlC INTEGRATION USING A PIV! A! I6M"[> INft-TlAl 
GYRO UNIT 

The position indication system is shown in Fig. 14, and it   i is: cussed in Part I, 

pp. 38 ff. and 101 if.   Tin» major objection to this system is the requirement for 

proaiignment   of the gyro axes with th   directions of astronomical stai -inn s. daui 

which are not readily available with sufficient accuracy on a system installed in a 

submarine.   In particular, the required azimuth relerence would be difficult to esta- 

blish, a situation to be contrasted with, foi example, the problem of aircraft guid- 

ance, where the reference can be established on the ground before take-off.   In 

submarine navigation systems, in general, self-erecting systems are to be re- 

garded as preferable to pre-aligned system:-.   Therefore,   prealiened   systems 

are not discussed further here.   However, it will be shown subsequently that if a 

self-erecting system is us'd to orient an inertiai gyro unit so that it is sensitive 

only to angular velocity components effectively parallel to the Earth polar axis. 

the gyro unit will be a source of da fa on longitude. 

A SELF-ERECTING GEOMETRIC. LATITUDE INDICATOR 

The indication of latitude by geometric integration was discussed in Part I. 

pp. 37 ff.   The integration is accomplished by mounting a pyro unit on a latitude 

gimbal,which causes a line on the gimbal to track a line parallel to the Earth polar 

axis, thereby furnishing a reference vertical; i.e., the perpendicular to the Earth 

polar axis is a vertical at the equator. 

Th'1 indicated latitude is required in the system itself, e.g., for vector com- 

ponent resolution of Earth-rate compensation in the \ system, for resolution oi 

the x-current when used for compensation in the z-ch nnel, and for sensitivity 

* The mi! will be 'tefmwl '■<■■ ttn'. t"pnt! a", i. is rivs-nsy ,,<;?.,-: i,-, Sii^-rnnt-rri ap^i.-nli-nv :• •::' -.cam; mr T"iii*{ian, >.i } }0Of 

Of 3 Clrios 



control through the secant o! latitude in the z-channel. This suggests an inevitable 

feedback frotn the latitude gimbal to tin vertical and azimuth indicators.. This feed 

back effect may be utilized to erect the latitude gimbal as is subsequently show», 

thereby making the latitude gyro unit mentioned in Par! I u»ne< essaiy. The mech- 

anization ol such a device will now be described. The latitude system performance 

equation, Eq. (4-11;, is derived in Derivation 4. Hie essential operating compon- 

ents a! the latitude indicator are shown in Mg. 1Ü, 

The kind of signal input to the latitude gimbal drive is deterniinable from the 

principal requirement for indicated latitude imposed by the rest ol the system: 

namely, the multiplication of the x-onentationai-control ■ ignal In tin  tangent of 

indicated latitude, so that the product cm be used to compensate the z-gyro unit 

for the vertical component of Earth-rate plus longitude ehangi .   As indicated in 

Derivation 4, the latitude drive signal chosen consists of the y- onentationai-con- 

trol signal, with true latitude rate partly compensated by water speed, and. m 

addition, the water-speed compensation itself. 

Consider firs! the case where the base is stationary with respect to the Earth, 

and assume that originally no errors are present in the vertical and azimuth sys- 

tems.   Then the input axis of the /.-gyro unit is vertical and the input axis ol the 

y-gyro unit points cast,   Assume that the latitude gimbal is not po; ilioned cor- 

rectly.   Under these conditions the latitude resolver (: ec hip. 16) wiii not receive 

the correct angle as an input.   This in turn will produce an incorrect resolution of 

the x-gyrn unit current, which is used to compensate the z-gyro unit for the verti- 

cal component of Earth rate.   The z-gyro unit will then sense tin   uncompensated 

portion of vertical Earth rate, and, through the azimuth drive, will produce a rota- 

tion of the controlled member about the indicated vertical.   When this rotation oc- 

curs, the input axis of the y-gyro unit will be moved from its eastward position, 

and the unit will sense a component ()f horizontal Karth rate.   From 'his point the 

action is similar to that described previously in connection with azimuth stabili- 

zation except that there arc now involved three coupled systems instead of two. 

The y-gyro unit, by means: ,,f its drive, will produce a rotation of the t ontrolled 

member about the y-axis,   This in turn v. ill cause the y-axis pendulum to send 

simultaneous onentationai control signals to the y-gyro, the z-gyro and the latitude 

drive.   The signal to the y-gyro unit will tend to level the controlled member, the 

signal to the /-gyro unit will produce a rotation of the controlled member about the 

indicated vertical until the angular velocity sensed by the y-gyrn unit is substan- 

tially zero, and the signal to the latitude drive will rotate the latitude gimbal (see 

Fig. 16) until the uncompensated angular velocity sensed by the z-gyrn mot is zero. 

The last condition will exist only when the latitude gimbal  is correctly positioned 

and the latitude resolver receives the particular input angle necessary to produce 

accurate compensation for vertical Earth rate in the z-gyro unit. 
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The operation of the SV- ti-m DM a IH.^C with .1 non-zero latitude rate in essen- 

tially the same except tor the eilects on the dynamic pei im inunee 01 the azimuth 

stabilization system (noted previously) and the latitude : y; (em.   The dynamic:    A 

the latitude system under discussion, when it 1:   not compensated loi  latitude nit-. 

are such as to make the system subject to error 1! there is a hmte velocity input. 

The disadvantages ot such an arrangement are apparent.   Two pu: sible ; olution:- 

appear to be feasible:   viz., to change the system dynamic:  and thert by produce a 

latitude system with zero velocity error, or to u: e an external mean:  lor latitude 

rate compensa.ion so that the latitude gimba) is driven at the approximate lautud« 

rate at all time .   The first methixi is superior lor i!ic submarine problem, since 

it minimizes the effect et compensation inaccuracy   and is the one which oilers 

most promise for further development.   However, it doc:, introduce a stabiht> 

problem which, because ol the coupling between the latitude, az>muth, and y^system: 

is difficult to solve.   This problem is being studied,   lor the purpose ol the present 

report, it will be shown to what extent a system utilizing water-speed compensation 

is practical.   Derivation 4 is therefore based on the latter approach, 

In accordance with the foregoing discussion, the la time   drive current is made 

up of the following component signals (see Eq. (4-10: 

1) The azimuth orientational control signal, minus Earth   rat«   compensation. 

This signal consists of the y-orientaiional control s'gc.l plus latitude-rate 

compensation. 

2) Tn-1 "ate of change of latitude, based on piiomcter-log information. 

Tne,1      if nals are sent to the latitude girnbal drive system, mounted on the 

controlled inember.   Equation (4-11), tne performance equation lor the latitude 

loop, is of first order in time derivatives of the correction to indicated latitude; 

the equation for the three systems mem. .red. taker as a single system, is Ua re 

fore a quintic (Eq. (4-12)).    Houth's criterion, when applied to the latter equation. 

with y- and z-pararreters chosen as already indicated, shows that for stability the 

lower limit for thü characteristic time in the latitude system is about 0.6 hour. 

Figure 17 shows Lne response to step-inputs in y-, z-, and latitude-channels ior a 

simulated' system,   it is assumed in the simulation that the system base is station- 

ary with respect to the Earth and that the inaccuracies and uncertainties in the 

quantities upon which the system operates are zero; this simplification is con- 

sistent with stability determination as an isolated problem.   A practical lover limit 

on the latitude-characteristic time is seen from Fig. 17 tobe- about 1.3 hours, and 

this is the recommended value. 

The latitude system is subject to   ic .dy-state errors; this is shewn by Eq. 

•,4-1?) when the time derivatives of correction terms are equated to zero.   The 

'iir -,yst&ii wa hn (if AC 
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magnitude of these errors can be estimated im typical operating condition?! by con- 

sidering the submarine tn be moving at a : peed ol 20 knots on a meridian course 

at latitude 45 degrees.   The steady-state error in indicated latitude under these 

conditions is made up principally ol the billowing terms: 

1) Resolver uncertainty:   about 1.5 minute,'- ul arc error in indicated latitude, 

if the resolver is accurate to   i.U5 percent. 

2) Cyro unit drift:   about 1.6 minutes ot arc error in indicated latitude for 

either x-cyro unit drift or z-gyro unit drift of Ü.Ü1 degree per hour, 

3) Latitude rate compensation inaccuracy:   about 1.3 minutes ol arc error in 

indicated latitude [or each knot ol inaccuracy in latitude rate compensation. 

4!   Acceieronieter uncertainty:   about 0.25 minute of arc error in indicated 

latitude. 

5'i   Orientational control signal uncertainty:   about 0.2 minute ol arc error m 

indicated latitude lor a noise level in the z-orientational control signal 

generator ot 0,3 percent. 

Generally speaking, in terms of the performance ol these component? as they 

are used in current applications, the principal serious soure< s oi error can bo i >. ■ 
pec ted to be the resolver, the latitude rate compensation, and the gyro units, in 

that order. 

LONGITUDE INDICATION BY CELESTIAL-LONGITUDE-RATE TRACKING 

The indication of longitude necessarily involves the integration ol longitude 

rate.   A straightforward method el accomplishing this involves the use ol a cyro 

unit, coupled to a servo drive, as the integrator; this at once minimize^ the effect 

of Integrator drift (in this case, drift effects are confined to the gyre- and allows 

the use of the latitude gimbal just described In orient the longitude gyro input axis. 

The mounting of the longitude gyro on the latitude gimbal is shown schematically in 

Fig. 15.   The input axis of the gyro unit is oriented by the latitude gimbal in such 

a way that the gyro unit is sensitive only to angular velocity components that arc 

effectively parallel to the Earth polar axis (see Part 1, pp. 38 and 97 ff.i. 

These components include the Earth ratio and since the gyro unit is sensitive 

to motion with respect to inertia] space, the signal from the gyro unit to the longi- 

tude gimbal drive will cause the drive to operate  ,t the celestial longitude ratio   A 

separate time drive can be used to subtract Earth rate from this motion, so that 

the longitude gimbal rotates at the indicated longitude rate, and the ancle between 

the longitude gimbal and a preset reference direction on the latitude gimbal is in- 

dicated longitude.   It appears preferable tn mount the time drive in a console off 

the gimbal and carry out the above subtraction in the console.   This permits a re- 

duction in the size of the gimbal ana1 more convenient system packaging. 
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This method is discussed in detail in Deriv.ition :•.   Tin- following conclusion;- 

may be drawn from Derivation 5, Kq. ifj-24) 

1)   The transient behavior oi the longitude system I:   somewhat influenced b\ 

the rest of the indication system, particularly the x- and /.j-ystem: .   How 

ever, there e   no feedback from the longitude loop to the 11■: t :i! the ■-'.:-li rn 

2j   The steady-state accuracy of the system is dependent "ii the longitude veio 

city, unless thr longitude system charactei astir luiic is : uüinuish  small. 

3i   The longitude gyro unit contributes .t drift term to the perioi mance equa - 

lion (Kq. (5-24).   The integral oi this ciritt a rm with re; pec! to time ap- 

pears; this means that a cumulative error can be expe< led, det< rmined bv 

the drift rate and time oi opet.aiu» ui the system. 

4;   To a lesser extent, the inaccuracy m the sidereal mix  drive contributes to 

the above cumulative t-rror in the same manner as gyro unit drift. 

5)   The error m setting reference longitude on the indicator dial i;  not cumu- 

lative   and appears in the same form in each longitude s ad dig. 

assess the eitect of these errors on longitude indication, consider 1-q. iS-2- 

in Derivation r> under steady-state  condition: , i.e., alter transients have settled 

out, so thai the time derivatives oi correction terms are zero.   A: ; unit' that th< 

character!: tic time for the longitude system is It) seconds, and that the submarine 

is at latitude 45 decrees, traveling northward at 30 knot'-.   Under the: ■   condition 

a one-mil error in azimuth, or a one-mil error m the x-component of the correc- 

tion to the indicated vertical, will produce approximately 0.02 minute n) arc error 

in indicated longitude for each hour of operating time.   A longitude gyro unit drift 

of 0,015 degree per hour will be a source ■ f about one minute of arc error in in- 

dicated longitude for each hour of operating time.   If the sidereal time drive is m 

err-r by 0.01 percent there will be an error from this source oi about 0.1  minute 

of arc in indicated longitude for each hour of operating time. 

As stated initially, the indication of longitude requires that longitude rale be 

integrated.   The consequence appears to be an unavoidable cumulative error as- 

sociated with the integration.   The inevitability of the integration requirement 

stems ultimately from the non-unique quality of longitude and the : ynimetry of thr 

Earth about its polar axis.   Therefore, the engineering procedure in longitude in- 

dicator design must be directed at the reduction of cumulative errors, through ef- 

ficient disposition of components and sufficiently precise instrumentation, 
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OKOUNÜiPtED INDICATION 

Ail of the posittun-indieati ig systems u»-> crtbed WAX*- output:   in It»   lonn ul 

angular. rattiiT than lineal . displacements of the submarine    It is to be i xpe< led, 

then-lore, th.it ground speed obtained from thi:   typ*' ui navigation ; ystem will be 

deriyed from the essentially geocentric anguku  velocity of the induateu virtual 

with respect to ihi' Karth    The product oi this quantity aim tin   radiu.- ui the 

K.irth then gives the ground ■■ speed.   Thus the chief problem in indicating ground 

speed is the extraction of the angular veioeity of the indicated vertical with re- 

spect to the Harth from the navigation system. 

1'his angular velocity may be obtained either from 1) the vertical indicator 

itself or 2) the latitude and l. ngitune indicators     These methods an  de: et bed 

in Derivation (i.   Ground-speed indication by each of these two methods will now 

be discussed 

THE VERTICAL INDICATOR ASA SOURCE OF GROUND-SPEC D DATA 

In method (li where the vertical indicator is the initial source of ground- 

speed data, the quantities of importance are the x- and y axis ori< ntatiunai con- 

trol signals.   Ttiese signals are respectively proportional to the x- and y-coni- 

ponents of the angular velocity of the indicated vertical with respect to inertia! 

space     The y component of the angular velocity of the indicated vertical with r< - 

sport to the Karth is equal to that with respect to menial space except for small 

correction term:;.   It is therefore at once usable to indicate the north» rly ground- 

speed component.   The x-eomponent. however, contains an Karth-rate term. 

which must be removed before ea-.t-v.est ground speed is available from this 

source    Specifically, a   agnal proportional to Earth-rate compensation multiplied 

by the cosine of indicated latitude (the latter derived from the latitude indicator] 

is subtracted from the x-axis orionlational control signal.   The resultant signal 

is approximately proportional to the x-component of the angular velocity of the 

indicated vertical with respect to the Farth    The indiratoci-latitud»  function and 

Earth-rate compensation term cause th»  x-component to b»  influenced to som» 

extern" bv Karth  rale compensation inaccuracy and latitude  rate compensation in- 

accuracy    Similarly, the y component of the angular velocity of the indicated 

vertical with respect to the Karth. is affected by the correction to indicated north 

These errors are subsequently de-cussed; for th»   present, note that two signal.1 
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can be divided from the vertical indicator, each essentially proportional tu a 

component of ground speed. 

It is necessary that these components, be added in quadrature by a resutver 

set at afi angle ot 90 degrees, so that the resulver output will be piupuitiunai to 

the magnitude of the vector angular velocity of trie indicated vertical with respect 

to the Earth     The result of such addition is given lor Die care of a system in 

equilibrium by fr.'q. (6-131 of Derivation 6.   The indicated ground ■-.peed is (qua! tu 

the true ground speed plus an inaccuracy which depend:- on the direction »1 mo- 

tion over the Earth, i.e.. on the cosine or sine of true azimuth.    The important 

Influences on the inaccuracy term are due to: 

li The x-gyro and y-gyru drift terms: for each Ü.Ü1 degret \^r hour of 

drift, the contributory error in the eastward . id northward indicated 

ground-speed components respectively will be approximately 0,6 knot 

2) The term containing the correction to indicated north; at latitude 45 de- 

grees, each mil of error in indicated azimuth contribute? approximately 

0 6 knot of error to the eastward indicated ground-speed component     iThe 

contribution to the northward ground-speed component error from this 

source is much smaller, being only about 0.02 knot for each mil of azi- 

muth error, at a ship speed of 20 knots..' 

3) The h'arth-rate compensation inaccuracy term; il the compensation signai 

is constant to within an accuracy of 0,01 percent, the contributory error 

in the eastward indicated ground-speed component will be about 0.09 knot 

4) The term containing the correction to indicated latitude; ,<t latitude 45 de- 

grees, each minute of arc error in latitude indication contributes about 

0.2 knot of error to the northward component of indicated ground speed 

The y-axis correction to the indicated vertical contributes the same rela- 

tive error to this ground-speed component and the x-axis correction to 

the indicated vertical contributes the same relative erroi to the eastward 

component of indicated ground speed. 

THE LA ÜTUDE ANp LONGITUDE INDICATORS AS SOURCES Of- GROUND-SPE E 0 DATA 

If ground-speed information is obtained from the latitude and longitude indi- 

cators (method 12) above), it is necessary to add, in quadrature, signals propor- 

tional to the indicated longitude rate, multiplied by the cosine of indicated latitude, 

and the indicated latitude rate.   One of the signal;; suitable for this purpose is 

that furnished to the latitude drive; this signal is proportional to indicated lati 

fade rate.   The indicated longitude can he  obtained from a tachometer attached to 

a shaft whose rotation rate is proportional to indicated longitude rate    The indi- 

cated latitude is obtained as before from the latitude system.   The indicated ground 



speed is then given by Kq   i6-2Ui ul Derivation 6     1 rs*  angular velocity o! the 

indicated vertical is equal to the angular velocity ui the 'rue vertical plus an in- 

accuracy term as before; the importance influenc« -  un the inaccuracy in this 

case being a-j toliuws: 

1) I he longitude gyro drill term; at iatitude 45 degrees, lor «'ach Ü 01 de- 

gree per hour ul drift, the contributory errui üi the northward ground- 

speed component will be approximately 0.4 knot 

2) The longitude-rate tachometer uncertainty term: this contributes an error 

tu the northward indicated ground-speed component, at iatitude 45 decrees 

and with a component of 20 knots magnitude, of about 0,1 knot lor a one 

percent uncertainty in the tachometer 

3) rite l-.arthrate compensation (sidereal tiin«  drive) inaccuracy term: at 

latitude 45 decrees, when the error In the time-drive rotational rate is 

0.01 percent, the contributory error in the northward indicated ground- 

speed component will be about 0.G6 knot.   Note that the sidereal time-drive 

inaccuracy appears in the inaccuracy in the indicated ground speed, as 

compared with the karth-rate compensation signal inaccuracy in the pre- 

vious case.   At present, a time-drive can be engineered, m general, as an 

inherently more- accurate device than a constant-level signal gt-tic rate; 

4i  Terms containing the correction to indicated latitude, tlu correction to 

indicated north, and the x-axis correction to the indicated vertical, at 

latitude 45 degrees, and     northward and eastward ship velocity compo- 

nents of 20 knots each, one mil of error in azimuth places the northward 

ground-speed component in error by about 0.01 knot, while one minute 

of arc error in latitude or x-vertical indication contributes approximately 

0.005 knot to the indicated ground-speed error northward component    Note 

that at equilibrium, i.e., when the system is not suffering a transient 

shock, the eastw-ard ground-speed component is without errors of the type 

discussed above. 

One advantage of this method over the first one discussed is. that the gyro 

drift is here multiplied by the cosine of iatitude.   Furthermore, the azimuth error, 

which is finite in the steady state, makes a less serious contribution here    It 

may be concluded that the method of ground-speed indication discussed imme- 

diately above is prefenble to the first method     Tlu principal limitation would 

derive from the requirement for a precise tachometer for the measurement of 

longitude rate 
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RECOMMENDED SUBMARINE  INERTlAL NAVIGATION SYSTEM 

GENERAL CONSIDERATIONS 

Report R-9, Parts I and II. represents the result oi a study of several 

method^ of vertical- and position-indication, of which the most promising have 

been discussed     The basic theory has been presented, along with suggestion.^ as 

to ho* presently available components could lie assembled into a workable sys- 

tem. 

The nature of .he instrumentation art as reflected in the precision of compo- 

nents currently under development, rather than any basic theoretical reason, de- 

termines the choice o! the best navigation system from the i■■nein« »ering point o! 

view     Four classes of components of particular significance in their eifee! on the 

performance of an inertial position indicating system are: 

1) gyro units, 

2) aeeelerometer units, 

3i  latitude resolvers, 

4) sidereal time drives. 

The present precision of these units may be specified as follows:   a gyro 

drift of 0.01 degree per hour is within the goal of current system development; 

accelerometers, used in a vertical indicator of the type discussed in this report, 

can be expected to contribute about 0.25 minute of arc error in indication of the 

vertical; a resolver accuracy of 0.05 percent is attainable: and a sidereal time drive 

such as is required in a longitude indicator using a gyro unit as an integrator, 

ci.n be constructed as a crystal-controlled clock, with a shaft rotation that is pro- 

portional to Earth rate to within one part in lOO.OfTi 

It has been shown in this report that in certain respects, some position in- 

dicators are superior to others     The selection of the best position- indication 

method necessarily involves a compromise because no single method is entirely 

free from faults, ana even the best systems described here are susceptible to 

improvement through further study. 

VERTICAL INDICATION. Roll and p<'<->- 

As a result of this study it appears practical to make each component sub- 

system of the vertical indicator similar to that shown in Fig   2    The optimum 

system parameters are given on page 14, and the theory is based on Derivation 1 
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in the Appendix,   The controlled member, ur azimuth gimbal, is to in   mounted 

insidf a pilch gimbal, and this in lurn inside a roll gimbai     Such an assembly e 

sketched iu detail in 11-,:   1W 

Hit" dynamics ui this vertical muu atui  ^T<- adjusted so that it r   Si huieJ 

tuned, it-., the eighty -tout -minute pel lod I hai ac tei i: -tu s ait- incorporated    It: 

performance depends un this property rather than on precise exteinal compensa- 

tion inputs,    Krrors vi.il! be ol an essentially dynamic nutun . unit do nut accumu- 

late  With Ulm*      The  chief  I.UUrt't'  (if  ill i.il.  dut'  to the  at ( ( Itl ullit trl.   Is  expected 

In produce about U.25 minute ol arc error in vertical induatton alter the Iran- 

stets! st..ge IH over    The solution time (the tune required to .settle out) associat« d 

with the transient stage is about ihre«  hours, 

By means of the gtmbal system, the vertical, i.e., the azimuth gimbai orienta- 

tion, is compared with the ro'l- and p'tch-gimbal orientation-  to uidieaii   ;< - 

speetively the roll and pitch ol the ship 

AZIMUTH STABil l/ATION, HeaJ.ny 

The system o! Fig. 12 is recommended for azimuth stabilization.    1 he funda- 

mental operation involved is the nulling of the angular velocity mpu! to the ea: t 

seeking gyro unit msed hv üii1 vertical indicators on the azimuth gimbai,   The 

operation is analogous to that of a standard gyrocompass, orienting the azimuth 

gimbai so that a reference line on the gimbai, perpendicular to the input axis of 

the east-seeking gyro unit, will iraek trui   north when latitude-rate compensation 

is provided from an external source.    1 he inaccuracy in this compensation is a 

source of steady-state error, to the extent of about one-mil error in indicated 

azimuth for a 0.7-knot error in latitude-rate compensation, at latitude 45 decrees. 

The drift of the east-seeking gyro unit under similar conditions will result in an 

error of one mil in indicated azimuth foi  a gyro unit drift of 0 01 degree per hour. 

The solution time of the azimuth system is about Sour hour   .   The optimum sys- 

tem parameter., are given on page 28 , and the theoretical considerations an 

given in Derivation 3     Figure IH shows this azimuth system added to the azimuth 

gimbai.   The angle between the north-reference line on the azimuth gsmbai arid 

the fore-alt line of the ship is indicated ship heading 

LA n rtiDF INDICATION 

The self-erecting latitude indicator described on page32  is recommended 

The theory is given in Derivation 1     It involve:   the rotation of ;i resolvcr uhosi 

output is fed back into the azimuth system    Since •,(>«• azimuth and vertical indi- 

cators are coupled, as mentioned above, latitude indication r-  ultimately monitored 

by the aecelerometcr unit associated with the east-west axis on the vertical indi 

i'iitor.   Th" latitude, azimuth, and east-west vertical indicators make up a 
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closed-loop system, and latitude indication, along witn v< rtieal and azimuth indication, 

is not bc'!ji-.1 to cumulative errors.   The rotation <>' the latitude resolver is as- 

sociated with the rotation of the latitude gimbal, which effectively track;, the 

t.jrUi polar axin. and is sketched in Fig,. 19    This system is such that the latitude 

gimbal is seif-ein'HiJ, and rotates until a reference line on tht- gimbal indicates 

the poiar axi, without initial setting or [»realignment      Latitude-rate „'ompetisa- 

tton from an external source is required to mimmw".e a servo velocity errur 

Indicated latitude will be m error by approximately one minute of arc for each 

knot of error in the Latitude-rate compensation, and In ;'.pproxiniately 15 minutes 

of arc for a drift uf 0.01 degree per hour ol the tno gyro units whose input axes 

are in the indicated meridian plane.   A 0,05 percent uncertainty in the output of 

the latitude resolver will also create an error of about 1.5 minutes of art  m in- 

dicated latitude    Thes» are steady-state errors, alter the transient stage ha;, 

passed    Tin- solution time is about tour hours.   The Optimum latitude system 

parameters are given on page36      The angle between the indicated horizontal 

(indicated by ihr azimuth gimbals and the indicated polar ax:;   {furnished by the 

latitude gimbal) gives the indicated latitude. 

LONGITUDE INDICATION 

The most practical method for indicating longitude is to track celestial longi- 

tude rate with an integrating gyro unit mounted to rotate within the latitude gini- 

bal, as shown in Fig, 20.   This gyro unit responds to the angular velocity parallel 

to the indicated Karth polar axis    The gimbal on which the longitude gyro unit is 

mounted, rotating about the indicated polar axis within the latitude gimbal, forms 

the innermost of the five concentric gimbals of the navigation system.   The gim- 

bal rotates at the indicated celestial longitude rate     This information is carried 

to a mechanical differentia' remote from the gimbal system, where Karth rate, 

generated as a shaft rotation by a sidereal clock, is subtracted from indicated 

celestial longitude rate.   The differential output gives in heated longitude differ- 

ence.   This output is read as indicated longitude relative to a longitude reference 

index setting on the indicator.   The chief errors in longitude indication are cumu- 

lative    Under typical operating conditions, a longitude gyro unit drift of 0,015 

degree per hour will be a source of about one minute of arc error in indicated 

longitude tor each hour of operating time.   The sidereal time drive may be ex- 

pected to contribute an error in indicated longitude of about l,;i minutes of arc in 

a week of opera   rig time    Th" longitude system is discussed on page 3R and in 

Derivation 5- 
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GROUND-SPEED INDICATION 

It is recommended that ground speed be computed by utilizing signals pro- 
portional to indicated longitude rate (from a tachometer geared to the longitude 

indicator) and to indicated latitude rate (the latitude gimbal drive input signal). 
The indicated longitude-rate signal is then multiplied by the cosine of the indi- 
cated latitude, obtained from a resoiver on the latitude gimbal.   This quantity is 
then added in quadrature to the indicated latitude-rate signal, by means of another 

resoiver, to obtain the magnitude of the essentially geocentric angular velocity of 
the indicated vertical.   This last quantity, multiplied by the Earth radius, is the 
indicated ground speed.  The chief error in the indicated ground speed is in the 

northward component, to which a 0.01 degree per hour longitude gyro unit drift 
will contribute an error of about 0.4 knot.   This method of ground-speed indica- 

tion is discussed on page 41 and in Derivation 6. 

GENERAL DATA 

The following tabulation summarizes the over-all characteristics of the pro- 
posed system: 

Approximate outer dimensions of gimbal 
system, including cover 

Radius of largest gimbal (to go through 
a standard 20 in. by 39 in. hatch, during 
installation) 

Number of self-contained s'.ngle-axis in- 
tegrating gyro units required 

Number of accelerometers required 

Number of integrators required* 

Estimated input power required from ship 
power supplies 

Estimated dimensions of console mount- 
ing electronic components 

42 in. high, 42 in. wide, and 
46 in. long 

36 in. 

4 (3 inertial gyros, 1 used 
as an integrator) 

2 

4 

5 kilowatts 

5 ft high, 5 ft long, and  3 ft 
deep 

• The number of integrate« might be teduced to three by using the /-system in its entirety as one of the y-system interiors. This 
line of attack is being investigated. 
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NUMMARY AND RECOMMENDATIONS 

The submarine navigation system discussed in the preceding section and pic- 
tured in the sketches, Figs. 18 and 19, is shown as a wooden mock-up in the 

photograph, Fig. 20.  While this system is regarded at present as most suitable 
fnr the application, its recommendation is also described as tentative because it 

is based on a time-limited study.   Nevertheless, it is possible to suggest the di- 
rection in which subsequent work might best proceed in order to improve on the 
proposed system. 

Four gyro units are required in the proposed system; three of these are 
inertial gyro units, used to set up a three-axis coordinate system, while the 
fourth (the longitude gyro unit) is used as an integrator.   The first three gyro 

units represent an irreducible minimum number if single-axis gyro units are 
used.  It may be possible to combine the function of the longitude gyro unit with 
that of the other units, and reduce the total number of single-axis gyro units to 
three.   This would require a somewhat different gimbal configuration from that of 

the system proposed in this report. 
Another field for future work based on the present study is in the problem of 

the adequate use of external compensations.   Particular reference is made to the 
water-speed compensation, a signal derivable, for example, from the ship pi~ 

tometer-log.   The eastward and northward components of the water speed are 
used by the two component systems of the vertical indicator.   The specific appli- 
cation here is the minimization of acceleration, not velocity, error; the vertical- 
indicating system, in effect, serves to differentiate external water-speed informa- 
tion in using it to compensate for dynamic errors.   The result of this particular 
application of water-speed data is to leave residual errors in the vertical indica- 

tion that are proportional to the rate of change of the inaccuracy in the water- 
speed compensation signal rather than to the inaccuracy itself, i.e., no steady- 

state velocity error stems from this source.   Furthermore, since the compensa- 
tion is dynamic in character, its effects are strongly dependent upon frequency; 
only oscillations near the Schüler frequency are of consequence, and for frequen- 
cies outside this region, the compensation is not important. 

In the proposed navigation system, these consideration.; do not hold for the 
azimuth and latitude indicators. Water-.spcod compensation signals are used in 

these cases essentially to eliminate effectively geocentric angular velocity 
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components of the indicated vertical in the process of determining the direction 
of the Earth-rate vector.  The result of this app'icaticn of water-speed compen- 
sation is steady-state errors in indicated azimuth ana latitude that are propor- 
tional to the inaccuracy in the water-speed compensation, not to its rate of change. 

It is therefore desirable to investigate other means to remove this source of 
steady-state »rror, and thereby relieve the present dependence of the azimuth 

and latitude systems on data external to the navigation s>.;tem.   A possible ap- 
proach is to feed indicated latitude ratp from the latitude system back into the 

azimuth indicator.   This involves additional complexity in the concept of the sys- 
tem as a wv lie, and possibly raises stability problems.   This approach is a sub- 

ject of prt.jt.it studies, and appears promising. 
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APPENDIX 

The mathematical derivations on the following pages are 

referred to by number in the foregoing text.   The self-defining 
notation used in the equations is based on a formulation given 

by Draper (7) 
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DERIVATION  1.     DAMPED SINGLE-AXIS VERTICAL  INDICATOR. 

A.   DERIVATION  OF   DIFFERENTIAL  PERFORMANCE   EQUATION. 

It    t(C/V,(( •.  is defined as the correction to the indicated vertical 

p [(C)V](ti) - w(EV)t - w([,y)i {1-1} 

*(EV)i    =   VmdsXi,«)'{hfi)    *   f W(IEXcp)    *  ^W( gu) (1-2) 

Refer to Fig.  1-1. 

'(hfi)   *  *hL)(e,i) '(dir)        e(lfj)    '   e(cp)        e(fb>; (U)i(hfiKdf)   *   '(h.i)o    n~i,! 

e(dit)   =  ^(dirKe.e) e(au)   *  ^Kdir) 

•(Hi)   =   S(lfi>(e,e)   p
e(au)    *   -^«(IfiXdO   *  '(l(i)o 

*(cp)   " fPF\cf.X«',e) "(EVXcp) 

(1-4) 

fl-5) 

where   "(FVifcnl   's tne equivalent angular velocity of the true vertical derived from pitometer-log data, 

and (PF)/     yj    >   is tobe determined. 

*(fb)   *  Wi.e) '(hfi)   +  ^UKfb) 

e(au)   = Wa,e)   f«MC)V](tfi)   ♦ RPW(EV)t}   ♦ (U)e(au) 

Ü-- 

(1-8) 

Substitute the foregoing in Eq. (1-2).   The result is 

u, e r (hKXc,l) i     ,   , , •    rir\v- 
W(EV)i   *   5(cmdsXi,W)  L _   + e   ~   ~~Te~    "     -'     '-   3(dir)(e,e) 3(auXa,e)  l9  llU'¥   (t.i) 

*  RPW(EV)J    *  S(dirXe,e)(UKau)   *  ^Kdir)   *   S<lfiXe,e)^aüXa,e) p ^ ^C) V]({j) 

1 1 
> Rp*W   ♦ >(UiXtii) -(U).(lul)^{U^fiXdfl *.(1(i)0 ♦ (PF)(cpXT>e)W(EVXcp S(if,^ 

s, 
(U>W + P * W) W ^ (U)i(h'iXd,> * (I)W(1^ + (U) V> K      "(hftXe,i)J(fbXi,e) 

(1-9) 
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Define 

^cmdsXi.WnhriXeJndirXe.eHauXa.e)   *  *(ViX*.Tl 

*(JirXe,e! 

*fHiXe,e) 
* (CT),M Hi) 

s, 
1 

{hti.i(e)ir
vfbXi>e) 

(CT), g) 

(1—10} 

Substitute these definitions and K«. (1—0) into Kq. (1-1).   I'here results 

1 
P«C)V)(lti) . W(EVV -(— ■ v     ) <W..MMC)V-W> ' W.^MF.V* 

(CT), (lg) 

SfVi)(ä,S) Vv'iXa,«1)   1      ,,_.U1 

J(aaXa,e) ,C ' '(Id)    P 

W»,*>    1 Wa,*) 1 
* fCT)        o Kp (KV)t  * Trj)     s »'""(au) {K" ' '(Id)     P lU ' '(ld)5(auXa,e)   P 

* S(cmdsXi,*)S(htiX<J)  ^UKdir)   " *UKfb)j 

* VmdsXi,W)S(hfi)(e,i) ~^)*(lfiXdf)   *   VmdsXi,« AhfiXe,i)e(ifi)o 

VmdsXi.*:r(hfiXe,i)'   ^'(cpX'.e^EVXcp) 

s, 

(p 

'(cmdsXi.T) 

T~~ (U)WiXdf) -«)»(IEK«P) ~m%») »-»» 
(CD, 

-) 
dp) 

1 
Operate on Eq. (1-11) with    [p (p  ♦  ==■;— 1,collect   terms   in  [(C)V](( ^, pW-gyv, and 

p'W,,-,..,,; there results ''*' P  ' EV)t 

(CT), 
p5 ♦ sfVi 

gS(ViXa,«-) 

(lg) 
tVIX..*>"   -[tf)   - )   f'C)V](M) 

(Id) 

r,        c D1 ,        ' S(viXa,#)R 

[l      \vi)(a,*)
RJP * l#CT)       '   (CT\    ' '   pW(EV)t <CTW   (CT)(w 
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^cmdsXi.«7)*{hfiXe.i)'       ^(cpXI'.e)P   (I VXcp) 

V'iMa,«) 1 - r ... 
"   c P  ' tCj\        ',U,e!au)   "   l(cmdsXi,«')s{hfiXci)p 4U,e{dir) 

"(auMa.e) vv"''üd) 

" l"Hn>)^   "^(cmdsXi,*)nhriXc,i)^"'*(lfiXdO 

" S(Cmdsxi,«-}P<U)'(hfiXdO " (P' * (CT)      
p) :{l)WfJFKcF.i * M\uy 

Ihr jerk error is minimized through Schüler tuning, i.e.. the coefficient of P   "(j-'vk  ls fuualr£i IO 2«ö. 
There results 

s      •   .   ] 
'(ViXa,«1) R 

s 

»here R     is a set value for the Rarth radius 

:i-n) 

.Assume   R      ~   R   in tue following.   The acceleration error is minimized, in part, by usin; the pitometer- 
log data, as follows.    Define 

W(KVXcp)       *(KVXcp)       *ÜV )t 

and set 

(PF) (cpX*\e) 

r-      ' _   L—, 
,l(CT)(is)   (CT)(id>; 

*(cmds)(i,WHhnXe,i) 

! 1—14) 

U-1M 

The differential performance equation is then 

R aL'V   (t,) V PJ     *   r.     P 
<CTW        Rs       «T)(k 1)    "s 

[(CT)(lM) ' (CT)(Id)
] p(,>W(F-VXcP) - ^ *(CT)n/ U,)Wp, 

1 1 
* (U)W,   ,) - -■ (p  ♦ -MU)e,   . v*"   (gul p  e r        eri lv'*(au) 

*" ^cmdsXi,«)S(hfi)(e,i)P ^U^e(dir)   " 'UKfb)  ! 

" ^(cmdsXi,«)^(hfiXe,tT^'*(lfiXdf) 

(CtndSK«j«/ \i,.<Kdi) 
n-i« 
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»,   OPTIMISATION  OF   UNDMfPFD   RISON'AM    IklMI'tN't V 

( considering only the water-speed compensation rirnr term in ! <j, (!-l! i, the equation bet« 

■V ♦ t>2 * q P * 9      '    ' '(civ , P       (CT){lg)
P       Rb 

P     Rs   (CT)(W,     ,L!V f;i' 

* {(CT)(lg) '  (CT){W)
}p(l)W(^'Kc !•) 

The problem ts to select that value for the resonant frequency associated with a selected damping \ltio of 
the system for which the right-hand side of the equation is a minimum.   To do this, the foiioniiu- notation 
is defined 

W      ~-   undamped resonant frequency of the quadratic ter^; 

(DR)        damping ratio of the quadratic term 

(CT)   -   characteristic time of first-order tern 

g 
W        ^       - —-    *   the Schüler natural frecicncv 

then in operator form 

(CT), 
P       *   ™        P r ns  r 

0/t) (CT)(W)     "r    (CT) 
[p t^]{p'*[2(DR)Wnlp ♦ *„'  | 

2(DR)Wn W3 

« a3   <■   f2(DR)W    ♦ —■"— ] „3 ♦ [ -- ,w31p ♦ - 
P        ' '     '  "    (CT)   P (CT) n  P    (CT) 

fl-lS. 

Define 

(CT)(lg)      (CT), (id) 

From Fq. (1-18) 

F = 2(DR)W 
1 i      K 

"     (CT)   " (CT)     w* 
f l—10) 

and 

2(0R)Wn 

(CT) 
W2   - WJ 

n ns (1-20, 
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Eliminating (CT) between Eq. (1-19) and (1-2C), there results 

F  « 
1 K ♦«& ^(DR)J -1]W» ♦ *• 

2(DR)WL Wn ' 

Differentiate with respect to W   , and tet the result equal to ^ero.   The solution is 

WJ     WJ      1 - 2(DR)a  + 2    (DRV  - (0R)J  ♦ 1 
Wn   '"ns* * } 

(1-21) 

(1-22) 

Expansion of the square root by the binomial theorem gives as the positive root, to first approximation, 

W^  =   L I  -(DR)2] W2
S (1-23) 

For  (DR)   - 0.3 

g » 322 
Ft 

sec 

R     =  3437.7  nautical miles 

Rod 
ehe value of W„   Li  0.954 Wne   or  0.00118    ~ n ns Sec 

From Fq. (1-18), 

2{DR)Wn 
W2     - W2 

'CT) n        ns 

Therefore, utilizing Eq. (1 -23), 

2[1  -(DR)2] 
(CT) 

Wn(DR) 

(DR), W    and (CT) are therefore chosen as follows: 

(DR) • 0.3 

Wn = 0.00118    ™ n Sec 

(CT)  - 5140 sec - 1.43 hrs. 

(1-24) 

(1-25) 

(1-26) 
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C.  TRANSIENT  RESPONSE. 

The homogeneous equation derivable from hq, (1-16) is 

V 
1 1 

ic^/'i'-imW110^'" (1-27) 

This is of the form 

2(DR)Wn W2 

lp*  ♦ [2(DR)Wn  ♦ — ] p2 ♦  [W2
n ♦ —^jT-Jp *~1 HOV](tti) • 0     (1-28) 

The solution is 

L(C)V](tii) .([(C)V](t(i))0{(. n 
1 2(DR)Wn 

.).      <"> 

(CT)2       (CT) 
♦ Wj 

CT vr17!^)3 

1
 (CT)2        (CT) 

x e -<DR)V   sin(Wn\Tnr(DR)2  t ♦ A<ph)1 j 

2(DR)Wn 

(CT)2        (CT)     + W" 

(CT) 

* W„ VI ~ (DR? 

1        2(DR)Wn      w2   ,1 
(CT)2        (CT) 

_L_ -2(DR)Wn      W' 
(CT)2 -~ + 

(CT) 

.-(WVsin(WnVTMDRTä.   ♦ A(ph)2] 
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1 

♦««ävW.«;j    ^(DR)^   wl)e   (CT) 

(CT)2 ~ " (CT) 

1 t* 
Wn(l -(DR)2 \    1 2(DR)Wn     W2 

(CT)2 "     (CT)     + 

«e"'DR)V   sinWnVl   -(DR)2t   - A(ph)3 } (1-29) 

tan " ' 

tan "' 

Wn VT~- (DR)1 

- i   ■ - — 

CT  ' (DR)W" 

A(ph)i   c 

VI  - (DR)2 

"(DR)" '   ,0n 

A(ph)2   = 

W0 VI  "(DR)2 

(DR)W„  + ^ 

Wn VI  - (DR)2 

"""'    c
1

T--(DR)Wn 

Wn Vl  - (DR)J 

V» ■ M""'^.(DR)«„ 

Practical values for  (DR), Wn,   and  (CT)  are given in part B, Eq. (1-26).   If these are substituted in 

Eq. (1—29), the result gives the transient response: 

[(OV](ti) - ([(OV](ti))0 {1,078 e" 1.950 rlO'4 t+0>18 ,-354« 10'4 tsirt(.0o1126t 

- 0.437) } ♦ ([(C)V](t ;))0  { 549 t "l9S0 * 10 "  » 

♦ 976 e " l54x10 *4   * sin (.001126 t - 0.594) } 

+ (HOV]M)0 {775000 e-1.950« 10 "  t 

+ 78100 e~ 3.54x10"' t sin(.Q01126t - 1.71)  } 
(1-30) 
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D.   EFFECT  OF   i   AND   y   COUPLING. 

In part A if it is assumed that i(int)   =  i(int)J and (U)fc(gu)   =  0, 

^W(IV)i^x I 
(int)x        C C. 

•IcmdsKi.W)« 3(cmdsXi,«)x 
l»civ>« -pKC)V](tii)l> 

J(cmdsXi,W)x 
{[WIE   * (tin), I coS(Lcrt)t   - P [(C)V](lti)l ) (1-31) 

This applies to a single-axis system.   In a two-axis system, the Earth rate couples the vertical indicators 
as follows.   Define 

'(int)x   * 'x (1-32) 

Then 

3(cmds)(i,«')x 
{[W1E * (Lw)tkos(U)t - [W1E  ♦ (Un)t][(C)Y](ti)ysln(L«)t 

P E(C)VJ(|>iU (1-33) 

where 

(Lin)t cos(Lat)t - (Un)t [(C)V](ti)y sin(Lif)t      . W(EV)t x (1-34) 

An analogous situation exists for the y-system 

1 
'y   s, '(cmdsXi,TF)y 

{  -(U)t  ♦  fWIE  .(Lon)lt[(OV](t>.)]cSin(U)t-p[(C)V](M)y} 

(1-35) 

»here 

- (Lit)t  ♦ (lin)t [(C)V](ti)x sin(Lflt),     - W(EV)ty (1-36) 

The x-and y-systems are thus coupled through two terms, each proportional to 
[Wie   + (Lon) 1  sin (Lrtl. for purposes of the coupling effect analysis given in the text, 

assume that 

(Lin), • o 

(lit),  ■ o 

S, 

i.e., the system base is stationary on th» Earth. 

s, (cmds)(i,W)x       J(cmds)(i,W)y 

(1-37) 

(1-38) 

(1-39) 
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Inserting these values of  i     and  i     into the development in pati A, the two performance equations in 
x and y (ignoring uncertainties in component outputs as well as inaccuracies in system inputs) are 

(P ♦ [cf))<PJ  ♦ 2(0R)WBp ♦ Wn
JH(C)V](ti)y ■ iP

J ♦  i2(DR)Wn 

♦|CTy]p>WiE**-DiMC)V]W) (1-40) 

(P *(CV)HP2  *2(DR)WnP + W>)[(C)V](t>i)l 

- {pJ   ♦   [2(DR)W„  »-^yJp ) WIE sinM)i[(C)V}{ti)y (1-41) 

It is on these two equations that Fip. 7 in the text is based. 
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DERIVATION 2.     SINGLE-AXIS POSITION INDICATORS 

A.  OPEN-CHAIN  INTEGRATION  OF   THE   ANGULAR   VELOCITY  OF  THE  INDICATED VERTICAL 

Refer to Figure 2—1.   The indicated position is given by: 

P(i)   '   WP) p '(Ml)   +p<U>fW)   +(Pi>o (2-D 

From Eq. (1-8) in Der. 1A, 

W) ■<-J—   tW(EV)i-(U)W(gu)-(l)W(1EX    ] (2-2) 
^cmdsKiJI') 

W(EV)i   -W(EV)c   - P «C)V](fii) [1-9] 

ViKi.P)   "  5(cmds)(i,W) (2-3) 

(This constitutes an arbitrary adjustment of system parameters.) 

Note that 

7W(EV)t   *Pt-(Pt>o W-i» 

and 

-ip [(C)V]W) - «OV](t>i)-[(C)V](t>i)o (2-5) 

From the foregoing, Eq. (2—1) mcy be expressed as follows: 

Pi "pt-(Pt)0 " t(OV](t(i) ♦ [(ov](tii)0 

-J[(U)W(gu) +(0W(IEKcp)]   ♦ (P;)0 ♦ 1 (U)P(iXdf) (2-6) 

Define the correction to the indicated position as follows: 

HC)P]M.Pt-P, (2-7) 

At the start of the navigation problem, this becomes 

^«„^-(P.).-^). (2-8) 

63 



t 
* 

J> s 

c 

1 
  

~n 
1 
1 
1 
1 

f 

! 
3 

i  1 
i J 
i % 
in     ■"» 

■D 
E     c 

i  ! 
1  s i " 
1 

a. 

1 

a. 

1 1 

* 
°  ft 
O B * " * 
«» «« o 

o      w       "" * o 

i 
i 
L > 

> 

GO 

IO 
* 

u 
I 
c * 

o 
« 
c 

s 
fc 

E £ 
41 * 

—   a 
I.   u 

* -I 
- t 
1 * a. .- 

"8 "♦ 
a   > 

^ .2 

o   e 
« .2 
w  «■ 
c   o 
3     ** 
_  « 
u .5 
•• 
o 
E • -c 
o 
3 

I 
(M 

64 



Substitute Fq. (2-7) ana (2-8) in (2—6).   The result is 

KC)P1(M) ■ UC)P](lfi)0 *HC)V](tti, -UC)V](tii)0 

1 
tW»V   * »>»CIIOC«rt   -CU)PtiXd0] 

B.  OPFN-CHAIN  INTEGRATION!  OF  THfi   ANGULAR  ACCELERATION  OF   THF.   INDICATKO 
VERTICAL 

Refer to Fig. 2-2.    The vertical—indicating function of this system has been analyzed in Derivation 1, 
The position-indicating function is analyzed as follows.   From Fie. 2-2, (as in Derivation  !, Fq. (1—3) ) 

1   , .        1        • 
'(hfi) = S(hfi)(e,i) p  le(dir, *e(lfi) *e(cp)" *(fb)]   *   pWtyhiiXdß + '(hfi)o 

J W 
'(hfi)o   *   e ~    w(EV)s 

3(cmds)(i,X) 

(2-10) 

(2-11) 

»here   ^/py).   is the initial setting, in the second integrator in the vertical indicator, of the angular 

velocity of the indicated vertical with respect to the earth.   Also, from the figure, 

therefore 

e(fb)    *  S(fb)(i,e)'(hfi)   * ^Kfc) 

1 1 
•'' ^(hfiXe.üVbXi.e)  p^'(hfi)   =  5(hfiXe,i) -   ^e(dir) * e(lfi) 

♦e,   - -<U)e„M! ♦ -(U)i- 
1 

B(cp)   <w'B(fb)J    -^"(hfi)(d0      s 
'(cmdsXi.W) 

W(EV)s 

(2-12) 

(2-1?) 

Also,from Fig. 3-2, 

e(dir)  "  S(dirXe,e)e(au)   +^UKdir) 

e(Ifi)   *  S(lfiXe,e) ~ e(au)   * T ^KlfiXdf)   * e(lfi)o 

(2-14) 

(2-15) 

The constant  B(|t:\0   can be evaluated ftoti Fq. (2-10), with initial conditions inserted such that the 

input to hfi   (high frequency integrator) is nulled: 

e0fi)o 

J(fb)(i,e) 

^cmdsXi, 

W(F.V)s_S(dirXe,e)e(au)o     ^U)*(dir)o~ e(cp)o   ^U>e(fb)o (2~l6) 

W) 
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Substituting Hq. (2-14) and (2-H) into (2-B) there results 

''    *   *(hKMej)^ft))(i,e)  p"''(hf;)   "   *(hfiXe,i)   -   ^dirXr.r) 

* VfiXe.e) ~je{au)   *  S(hfiXe,i> J   ^e(cP)" (UKfb)J 

* S(hfiXe,i) - «U>*(d«)   *  p-'U>*Clf.KdO 

Wi.O 
* -~——-   "(KV)«     \dirXe.e) *(»u)o    tU'e(d.r)o     e(cp)o 

■^cmdsXi.W) 

'Wo'    „^"(h;;)(df) T t  
P a(cmdsXi,f) 

W(F.V;s (2-17) 

Define 

1 

(CT), ^(hfi)(e,i) S(fbXi,e) 
(lg) 

1 ^UiXe.e) 

(CT) (Id)       S, '(difXe.e) 

(2-18) 

(2-19) 

The gyro input is (cf.Fq. (1-2) and (1-3)) 

too ":  ^(EV)t-P^)V](tti)-(U)W{gu)-(|)WaEXcp)> 
5(cmdsXi,W) 

Solving for  8(au). Eq. (2-17) becomes 

c .  c d      _!_      '    1 
^hfiXe.i) ^difXe.e) l

p   * (CT)(U)    p
2       (au> 

_J— [i,-i- |nw(EV)t-p[(c)V](tti)-(u)w 
5(cmdsXi.') lCT,dg)   P 

^,)W(ir-)(cp) ] " S(hfiXe,h  ~ {,(cp)~e(cpV"^U)e(fb) 

(2-20) 

*fUKfb)o  ^U)«(dir)-{U)e(dir)o "^i,Ktl(),{mfc 

p(U)^XdO>-(CTUTS( 

1 1 

(lg) ^cmdsXi.W) P 
T(KV).s 

1 1 

P ^cmdsKi.W) 
(2-21) 
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From Fig. (2-2), the indicated position ts 

P, " VdiXe.P)   p »(.«) '{Pi>.f * <Pi>o * p ^CdiXdf) 7^>P(diKdf, 

where  (P )      is the initial setting in the position Integrator of the rate of change ol position. 

1 1 "P. •<*!».-*.>.• 4(U)P(diXdO ^U>W> „2 "(au)      c 
P ^PdiHe.P) 

A«(au) • r  L  . <P(P|)-^>. -p1 WX*(aiXdo- W^aix-o 
P 5(PdiXe,P) P 

^hHXe.b^dirXe.e) [
p * (CT)(ld)   p2 j"(au) 

(2-22) 

(2-2i) 

5(hiiX*.")Wxe,e) 1 ._  ,(p ♦  -^      )P 

VdiXe.P) 
(CT)(ld)' '   (CT)(ldJ 

!P ) *rt'o 

(CT)(ld) ^»'(ja)    P 

►;(U)P(dixdf)]} 

'•rom Fq. (2-21), 

{p * (cfT )P> "rcfT (Pi)(1"(p + (cTT KPi)^ (CT)(ld) lCl)(ltj) («'"(Id) 

'(Id) 

s (PdiXe.P) 
(W^vn.  ♦ <EV><    (CT)(i 5(hfiXe,i) S(dirXe,e) ^ctrdsXi.W) 

pHovi^-^faovi^-uov?^) 

(Pt -0».).) 

(2-25) 

1 1 _(1   ^_i)[(U)w(i:u).(i)waF)(cp)i-w(KV)s 
(CT)(lg) p 

1       1 
W(F.V)s * 

5(PdiKe,P)   1 
* e(cp)     *(cp)o 

(CTW P   ™      We)   P 

-(U)t(fb) 
+W)e(fb)0 *(U)e(dir)-(U)e(dir)o~S(airXee)e(au)o 

68 



:;(üKiiixan' " s       • s p ^hliXe.i) •'(dirXe.e) 
'!u)'fhf,xdf) (2-26) 

|r »ill be assumed that thr systen- be initially aligned under conditions of zero acceleration-, th,*>i 

*(au)ö   *   S(auXa,e)9  WC)V](||iio   *   (U)t(,q)o 
(2-27) 

Let 

1 1 
VmdsX.«)5(hfiXe,i)e(cp) ' ^CT)      " (CT)    ^W(FV)(cp) (2-28) 

The position indicator is calibrated by setting 

VdiXe.P)  " S(hfiXe,1) *(dirXe,e) '(cmdsXi,«') 

Substituting! the above into Kq. (2-26), there results 

1 .._      ... 1 
(P ♦ —- )(p> "^ "(CTT [(Pi>° ~(p^] = :('CTT "CCTT :(Pt "{P^} tu,

'(M) ll-''(ld) lt,'(lg)     lul'(ld) 

'"».-(cri:- W•(Ci),.(^r-(P,),. 
'(I«) 

-( 
1 1   ~)i[W(KV)(cp)  -W l-(p. J^)[(C)V 

(CT)Mrf    (CT)Md/p 
L <KV)<CP>      (FV«C^ (CT) (lg) 

*^CTV * S(PdiXe,P) S(auXa,e)9 -   ^C)V"(t,i)o 
l*- ' '{lg) P 

"VfiXe.b^cmdsXi,*)  p2  P ^U)e(dir)" *U)e(fb) J 

*VdiXe,P) ~ (U)e(au)o~S(hfi)(e,i)S(cmdS)(i,T)  p2 (U)«(lfi)(df) 

" ^cmdsXi.HP)  p {U)i(hfiXdf) * (P * (CTÜ ^ f p1 ^^««O 

(t.i) 

* -WJPWi XdfV (2-30) 
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Define 

!!C!Pi(,..,  -P.-P, (2-31) 

1        ,1 

1 
-W(EV)(cp)) +(CT),     *%V)s'    "(EVXcp^ 

" tik'JW''"Wp)o° + (p + (ck:>[(c,V]^ '(w) '««) 

~'(CTL   ^  *S(auXa,e)S;hfiXe,i)S(dir,W>S(cmds)(i,W)9  p>  uC)V](t(i)o 

+ (w(^l)[(U)w(gur(.,w(IE)(cp)] 

^hfiXe.^cmdsXi.W) - KUJtyj,,- (U)«(dir)o-(U)t(fb) 

♦(U)t, 
1 

- (U)i(hfi) '(fb)o T   e . *w"(hfiXdf)    S(PdiXe,P)      <UKau)o 
"ThKXe.i) •* 

* ^hfiXe.i) ^cmdsXi.W)  p2  '^KlKKdO 

(2-32) 

Since   W/pV)s  and  (Pi),   both represent the best information on the initial velocity of the base at zero 
time, 

W(EV)s    *   (Pi)s 

Define the inaccuracy in the initial position rate setting as follows i 

WW(EV)S   ' W(EV)s    " ^(EVH^o 

and the inaccuracy in the velo«.  y compensation as 

^W(EVX.p)   m  W(EVXcp) "W(EV)t 

(2-33) 

(2-34) 

(2-35) 

From Eq. (1-9) and (1-13), note that 

^auXa.eAhfiXe.bWxe.eAcmdsXi.W)   *  R (2-36) 
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(p + (CTF '[(C)P3«"> ' (CT)    t(C)P,w)- "(cfT [(C)VW lV""(ld) »'-"(Id) l      '(Ig) 

•||'*rcYr;)!lc,,n<'.')*,U)"'«">*"",<»w 

^Pamn-}^-^mm(t VXcp) 

-C)W(EV)5]-^[(C)V^,)o  .-1-  [(U)W(gu) 

s vV- ' '(lg) 

*^WliF:)(cp)'   * W)(e,i) ^cmdsKi.W) ^UJe(dir) 

-(U)«(dir)o^UKfb)  *W)t(ft)o]   +  ^cmd,Xi,W){U^(hfi)(aO 

"RTT";(U)W~(U)*WO *s *(au)(a,e) 

""(CT)        fU)P(di)(df) > + p   {S(hfi)(e,i)S(cmdsXi,vr)(U>*(lfi)(dO 
'(Id) 

J  
"fCT)(H) 

(U)P(di iXdf) (2-37) 
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C.    APPLICATION   OF   DOUBLY-INTEGRATING   ACCELEROME*   R   TO   POSITION   INDICATION. 

Refer to Fig. 2-3.   The vertical-indicating function of this system can be analyzed by a method similar to 
that of Derivation 1 to arrive at a differential performance equation in   [(C)VJ#t ^ when Schulet tuning 
is used to minimize the jerk eitor.   The position-indicating function of this system is analyzed as follows. 
From Fig. 2-?, 

'(dir)2    :    S(dir)2(e,i)e(dir)l    *    ^UV"lir)2 

'(diff)    '    S(diffXe,i)Pe(dir)l     +   (U)'(diff) 

•(inO   *   *(int)(e,e)  - e(dir)l   + -~^*(intXdf)   *  e(int)o 

•(dir)I   * S(dir)l(e,e) ^(dia)   " e(int)'   + (U)e(dir)l 

" S(dir)l(e,e)e(dia)     " $(di*)l(e,e) *(intXe,e) p~e(dir)l 

(2-38) 

(2-39) 

(2-40) 

~ S(dir)l(e,e)  p(
U)i(int)(df) 

'(cp)  S ^PF)(cPX«',i)W(EVXcp) 

S(dir)l(e,e)e(int)o   * ^U^e(dir)I 
(2-41) 

(2-42) 

B(dia)   = S(intXe,e)   [ 
S(dir)l(e,e)S(imXe,e)       P 

s(dir)l 

+ r(U)»(intXdf)   + e(int)o   ~T (U>e(dir)l 
" ■>(dir)l(e,e) 

(2-43) 

Define 

(CT), 
s(dit)l(e,e)>(JntXe,e) 

(2-44) 

(CT) (id) 

S(diffXe,i) 

S(dir)2(e,i) 

(2-45) 

Operating on Eq. (2-43) with  (1   + (CT)/i i<. p) and substituting Eq. (2-44) and (2-45), the result is 

:i  * (CT)(ld)Ple(dia) » S(imXeii) [(CT), 
1 , ,       1 

dg) '(dir)2 
P       S(dir)2(e,i) 

*  tl + (CT)(ld)P] p (U)6(int)(df) *  [1 ♦ (CT)(W)P] {.(int)0 

c  -     (U)o(dit)) 
5(dir)l(e,e) 

(2-46) 
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From Eq. (2-41) 

•(dia)o       5 
*(dir)l(e,e) 

Multiplying Fq. (2-46) by 

1 

(CT) 

^•(dir)l]o   '    f<U)«(di.)lU   *  e(,m)o 

and subsritutinp f-a. (2-4"'), there results 
(Id) 

1 
(P + (cf),„>;a) ' {CT>no>a)o + ((CT)(ld) " (CT)(    

)e"'"- '(id) 

1 

Sf.JlrM /«   «\ V 

'dg) '(Id) """(lg) 

1 1 

»(dir)l(e,e) J(dittKe,i) ^W   P 
) f'(dir)2 

1        .,1 
♦Wo-(U)i(diD2   -<U>W   *(Pt(CY)flH.)(p(U)^1n<Kdn) 

1 
5<dir)l(e,e) 

(U)t(dir)l   +  S(im)(e,e){{U)e(dir)lJo 

(2-4"?) 

(2-48) 

At t * 0, 

1 1 1 1 
B(dia)0      l(CT)(ld)     (CT)(lg)

Je^-  l(CT)(ld)      (CT)(lg) 

1 

r(int)o 

S(dir)l(e,e)S(diff)(e,i) 
{   ['(dir)2]o   *   '(diff)o   "   [(U>'(dir)2]o 

-lUM(dl«)o>* ^«(intXdOo  <(U)*„,M1)n  
+(S, 

'(dir)l(e,e) 
(dir)l'o       v°(int)(e,e) 

(CT)(ld)S(dir)Ke,e: 
) ««> W« (2-49) 

The gyro input is 

'(gu)   =  '(dii)2   *  '(diff)   +  '(cp) 

1 
S S(cmds)(i,W 

(W(,.V)t -p((OV1(tii) -(U)W(gu)  - (DW(IEXcp)) 

(2-50) 

(2-51) 

At zero time, it is desired that 
W(KV)s 

and 

f.R") S (cmds)(i,») 

'(cp)    "  0 

(2-52) 

(2-53) 
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Mere,   W#pin     is the best estimate of the velocity of the base with teipect to tbekarthat that instar.;. 
Fq. (2—4v) now becomes 

c(CT)n„ "icnj'^" ' hen.,, ~icnj'«>*>° **<*■>• '(Id)    lv"'(lg) '(id)    »*■' '(Ig) 

W(F;v) 

S(dir)l (e,e) S(diffXe,i) S(cmds)(i,llF) (W) 

] —        — f(U)«(dir)l K   *  C ( (U^(dL.)l>c 
l<-''(!«)    5(dir)l(e,e) 5(dir)l (e,e) 

Win 
1 

(intXdf)o       $ c  :      , 
J(dir)l(e,e) -"(diffXe, *,i) 

(«UWo*(UW>     «-so 

Substituting the above into Eq. (2—18), thete results, 

(p * frfTT.Kd 
1 

<CTW(dia) ^CT)(id)e(dia)0 +*(dia)° 

(1 
1     1 

' ''foni    "   'c-r^' 
W.*>W.i>       fCT>dd> P    (8U)    (cp) 

W)s 

*(dir)l(e,e)*(diff)(e,i)S(cmdsXi,W)       S(dirH(e,e) 
{p(U)t, (dir)l 

[(U)i(dif)1]0  ♦ ^y- [(U).(dir)1  - [(U)eWir)1]0) 

(CT)(id) P 
W)e(int)(df)]   ♦ "■>*, (intXdf)   " M*(int)(df)o 

%ür)l(e,e)WfXe,i)    *CTW   P 
^{(U)i(dir)^(U)i(diff^(U)i(dir)2 

M«)W»J. t{u)i(di») -<UW^ (2-55) 

From Fig. 2—3, the indicated position is 

pi " W,p)«(di„) MUJPj (2-56) 

1 
>Pi       /Wl   (Pi>o   *P'X (CT)(Ii)

J  '     (CT), (id) 
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-—      -----       -    [(1  ♦       --—    )(W(FV)t     pUC)V3<ti) 

'(dirJKe.eHdiffXe.iJ^cmdsXi.W) lv* "(lg)   p 

(U)W(   , - (l)W(IRX   ,  - \cmds) i(cp) " W(KV)s]   - —(p(U)«(dir)1 
(dir)l(e,e) 

1 
" «U)i(dir),]0     • r-—- UU)e(dif)1]   - MJ)e(dir)l]0} 

lv-' '(Id) 

* S(ind)(e,P)  ((FT)        0<U>'(int)(df)   *  (UKintXdO   " (U>'(int)(df)o > 
**"     '(Id)  ™ 

^(indXe.P) ,       1 1   r„... /in. ,        «|«. i-r-~   - UU)iMir„  ♦ (U)iMim]   - (U).(dir)2 c * . (CJ) ^-''(dir)2       sw"(diff) 
5(dir)l(e,e)5(diffXe,i)      ^ ''(lg)   P 

K«WP *(U)i(diff) - (U)i(diff)0 ) (2-57) 

The best available estimate of the velocity of the base with respect to the Earth is  W(pv)s"   Therefore 
set 

(Pi)o   = W(F.V)s   * (Pi\dt)o (2-58) 

('  + (Cf)„.; p} *°*«XWW s {(cf")~"   " (CT)nd)
}p W

(F-VXCP) (2-59) 
'dg) MR) 

The position indicating system is calibrated by setting 

*(ind)(e,P)   =  S(dir)l(e,e)S(diff)(e,i)S(cmdsXi,W) 

then 

,pMci;»p
i-rcT^,p',«'w<™.-^,w-»(K 

'(Id) '(Id) 
V)t 

Nc^Nv,Ml.^,;;;-l(pHC)V1(l,i).(U,W(J„, 
'(Ig) '(lg) 

+ (,)W<»W - ((or; - (cf)~:) p WD " "<•*>. 
'dg) '(Id) 

(2-60) 

^diffXe.iAcmdsXi,«') {P^U)e(dir)l [<UKdir)l]o 

1 1 1 
t __[(u) _  [(U)e(dir)1]0]  }   ♦ S(indXe|P)   <   _ D(U)e(imXdf) 

l*-''(ld) vv-"(ld)P 
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(UH, (im,, >"*<c «1% (imXdO       vu"(intXdf)o '       -»(emdsXt.W)   l /CTx        l*«"(du)2 
lV" ' 'Ug> 

* (U)i(Jif()3    ♦ (U)i(dh)2   -   t(U)i(dir)2]„   ♦ (U)i(d,ff)   -(U)i(diff)o) (2-61) 

Define 

»C)P1(tpi)   -Pt-Pi (2-62) 

Eq. (2-61) may then be «pressed in terms of    l(C)P](t j^: 

" ' job' ,(c)P]<-> 'lp • rcT),,-»p. - (CT),. "v° - w -«W '(Id) '(Id) '(Id) 

V^(^>(KVHMl*^})(p[(C)V](t)j 
(CT)(lg) p '(ig) 

1 
(U)W(gu)   ♦ (l)W(,EXcp)) ♦ ({CT\        - jcfjj p 

W(EVXcp)   * W(EV)s 
'(lg)      ^ » '(Id) 

* Wxe.i) S(cmdsXi,*)  {P(U)e(dir)l   "   ^U)*(dif)l^o   * (CT)   ~~~  [(U)*(dir)l 
'(Id) 

[(U)e, 
1        1 

'(dir)lU'   }   " S(indXe,P)   {'(QJ)        p^UK>ntXdf)   *  (U^(intXdf) 

~ WfyintXdOo  >   *  S(cmdsXi,W)   {7CTr~rt(U)i(dir)2   + W)i(dWnl IV- I )(lg)  p 

* (U)i(dir)2  -  [(U)i(dir)2]0  ♦ (U)l(diff)  - (U)i(dif0o) (2-63) 

In the equation above, 

2 
p 

l 

W(EV)t   =   Pt       ^Vo 

p W(EVXcp) Pi   -<P|>. 

(2-64) 

(2-65) 

pP, -w, (EV)t (2-66) 

Thus Eq. (2-6;) nay be written; 

(, .jjJj-) «OPi,,,,, •(j£Jr-.sJr-)(HC)P,(,,),0 -<HlW 
'(lg) '(Id)      vv- ' '(lg) 
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1    1 
♦0 -(cn     p)(pUC)V](tl) -(U)W(gu) ♦0)W(IEXcp)) 

'(lg) 

WfXe.i) S(cmdsXi,«) ^^Kdir)!   "   ^U^(dir)lJo 

* (CT)        UU)'Wi')l   "   [(UKdu)lU   } 
1     1 

(U).(i 

^HimXdf)   " ^''(imXdno -   *  ^cmdsKi,«')     (CJ)       a l 
vv-    '(lg) r 

^ ' '{id) P 

1 1 

«»W    *  (U)W>2   -    K«W.   * (U)i(diff)   -  (U)i(diff)o) (2-67, 
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DERIVATION 3.     AZIMUTH  STABILIZATION  SYSTEM 

J 

Refer to Fig. 5—1.   The angular velocity of indicated north with respect to inertial space, about the 
z- am, is: 

*{IN)i   "   *(cmds)(i,«)z 'z   * ^W(gu)z 

This is related to the angular velocity of indicated north with respect to the Earth as follows: 

W(EN)i ' W(iv)i *W(IE)si*Lo,)t * f(C)V](t i)yW1F cos(Lat)t 

From these equations, 

W(FN)i "^cmd.Xi.W)«i* t(U)W(gu)z ^IEsin(Ut)t * [(C)V](ti)yWIFcos(Lot)t 

Define    L(C/N],   ■•   as the correction to indicated north.   Then 

p[Tc)Ml(t(irW(EN)t-w(EN)rf(EBr [TONl(t(i) 

At marine speeds,    [WpR x   [(C)N]^t JJ]  ■ 0.   (See Part 1, pp. 85-86). Therefore, 

p[(C)N](ti) « W(EN)t - W(FN)i 

From the foregoing, this may be written, 

p[(C)N](ti) . W(EN)t-S(cmds)(ii,,)2i2 - (U)W(su)j, 

-WIE sin(Lat)t - [(C)V](ti)yWIF cos(Lot)t 

From Fig. 3-1, 

*z   '  {S(dir)(i,ik(iy *W ^U>W)z 

-ix(wn(Ut)i + (U)ResM(sec(U!)i *(U)Res) 

(3-1) 

(.5-2) 

(3-3) 

11-4) 

(3-5) 

(3-6) 

(3-7) 

where (U)Res   is the uncertainty in the resolver   generating  sin (Lot);   and   sec (Lat)j.   From 

at 

1 

geometrical considerations, S     and  i    are given by y * 

-   {-(Lot), ♦ iW,E ♦(Un)t3 C(C)V)(t j), sin(Lat)( 
VmdsXi.WJy 

♦ [W,E ♦ (Lon)t] f(C)N](t ;)coS(Lat)£-p[(C)V](ti)y-(U)W(gu)v } (3-S) 
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1 
{EWIE ♦ (Lin),] CM(U)E 

Set 

Tcmds)(i,w')* 

-[W,R»(Un)tl [(C)V](li)ysin(Lit)( 

*(U.)t[(C)N](t>irp({C)V](t(l)x(U)W(Ku)l) 

*(cmdsXi,W)x  * VmdsX»,Ht')y  * "(cmd»)(i,T)2 

(3-9) 

(3-10) 

Combination of Eqs. H-7), H-8), (3-9j ™d f 3—10) with O—6)gives the following: 

P^C)N1(ti) - W(EN)rS(dif)(i)i)2 [-(Lit), *S(cmds)(iw)i(ep)j:] [sectUt), * <U)R«j 

"Ww).tWIB + W aC>V](tti)l[sin(Ut)t] [«clM, «(U>RM] 

-Wxi.i)»IWIE*^J [(C)H](ti)[cos(UtU [s«(Lo.)-{U)Res] 

tWi.i),[sK!UV<u)R«HU)v)v 

♦ [WIE ♦ (Lin),] [cos(LoOt] [sMLot); +(U)Res] [sec(Lat); + (U)Res] 

-WIEsin(Uf)t-[W,E*(Lin)t] [(C)V](ti)v[s.r,(Lot)t] rsl«(Lot)i 

♦(U)Res] [ne(Lat)i ♦(U)Rti] ♦ «Li»), [(C)N](ti) -p[(C)V](ti0l 

-(U)W(gu)x} [sin(Urt); ♦(U)Res) [»c(Lot>; + (U)RM] 

- «C)V](tii)yWIEcos(L0t)t-(U)W(gu)z -S(cmdsX. w)(U)i(dif)2 

Define the latitude rate compensaiioi. inaccuracy as follows; 

(l)(Löt)cp i S(cmds)(iT)i(cp)z-(Lä»)t 

Dt ine the correction to indioa.ffd latitude as follows: 

[(C) Lull (ti)  - (Lc»)t  ~ (Lot)j (3-13) 

(3-11) 

(3-12) 
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Then 

sinfLot); * an(Lat)t - !(C)Lot](t -%) cos (Lot), 

sec(Ut)j »        t - 1     cos(Lat)j 

a sec(Lot),   " [(C) Lot] (t {) ton (Lot), sec (Lot), 

Since the time variations in   (Lon)     and  (Lot)     are small when compared with the variations in 

[(C)V](ti)l,   [(C)V](ti)y   and    [(C)N]([)i), it will be assumed that   (LÖr.)t   and  (Lit),   are 

quasi—static.   This simplifies the subsequent analysis.   Note that 

W(EN)t.-(Lon)tsin(Lat)t-(Lo.)ti(C)V](t.)x 

-(Lon)tcos(Ut)t[(C)V](ti)y 

From the foregoing, the performance equation is, ignoring second-order terms, 

fP ♦ Wi,i)z 
[WIE MLÖn)t] -(Löt)t ton(Lot)tl t(C)N](tl) 

* ^(dir)(ii)zsec(Lat)tp - [W,E + (Lon),J [ton(Lat)tsm(La»)t 

♦ eo$(Lot)t]} [(C)V](ti)y    -   (ton(U»)tp  MLa»)t 

+ S(dir)(i,^
cwiE+(LHi^(Mt}[(C)v](t.)x 

♦Wi^(L<(U)V>y-(U)V>x,m(lo,)t 

-(U)*(gu),-t-(dir)(i,i)JO(Lbt)(cp)sec(L0t)t 

-S(cmds)(i,T)(sec(La,U(U)i(dir)z 

-[W,E*(Lbn)tl [sec(Laf)t] [(C)Lot](ti) 

♦ [(U)Res](l + sin(Lot)tcos(Lot)t)  [W,,. +(Lin)t] 

The following assumptions ate warranted if the maximum ship speed is taken as 4Ü Knots 

(Lön)t << WIF 

tun), « w1E 

?-14) 

n-i') 

f3-l6) 

(-IS) 

Define 

1 
S(dir)(i,i)z WIK    "   (CT)^ 
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Hie performance equation then simplifies to 

[p * (cT>; ][(c,N1w> * (CT)2w,K [sec(u,)<]p[(C)V1c<,uv 

-WIK**e(U)t{E(C)Vl(tti)y.:(C)L*](tii)) 

-    P ♦ (-^y-Mtoi(Lrt)t] [(OV](tii)x 

-ton(Lat)t(U)W(pu))t-(U)W(gii)2 

"(CTHT [(l)(Li,,)(cp)] sec^La,)t 

-S(cmds)(i,«)CseC(Lo,'t](U)i(dir)z 

* (1 ♦sin(Lat)tcos(Lo»)t]WJK [(U)Resl 

Ignoring   x-coupling, the y —current is 

iv - ~~ {- (Ut\* [(C)N](tii)WIEcos(Lat)t -p[(C)Vift|)v -<U)W) 
'     •■>(cmds)(i,W) 

By   a procedure similar to that of Derivation 1, Part A, the y - performance equation including 
z —coupling can be shown to be 

M-21) 

(3-22) 

(03 ♦ 
1 

(CT). 
2      9 9 
r + 3- D + —   .- 

(lg): y Ks Ks    lC ' '(ld)y 

tP2+ fCTr  -p]WIE[(C)Nj(M)cOS(Ut)t 
[      '(1E)V 

._. 1 
(CT)(yy     (CT)(ld)y 

p(l)(Lat){cr) 

"[ p2 + (CT)   "p](U) w<««)y Is      -<p + (cfi - } (U)e<-> lUl;(lg)y ^^auXa.e) lU ' '{ld}y 

"S(cmds)(i,W) 5(hfi)(e,i) ^We(dir)y ^'UKfr)' 

' 5(cmds)(i,W) ^hfiXe,i)^^(lfi)(df) 

'^(cmds)(i,W,)P'"'i(hfi)(df) H-21) 
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r     » 1 2 9 9 ' 
Operate on Eq. (3-21) with    Lp    +  r^   p*   ♦  D~ P  ♦ D~   Jrr\ 

(CT)(1 )v Ks Ks     H- U 
3, utilizing Eq. (3-23) to 

(ld)y 

eliminate  [(C) V],, ;j  .   The result is, ignoring x - coupling except for x   gyro unit drift, 

(P4 + 
(CT) 

(ig>y 
,3*   [£*W*IEJP2 

1 w2. 
* % ((ckld)y 

+ (CT)2 
}  + (CT)(lg)y

]p ' Rs(CT)(ld)y!CT); ' [(C)NW) '(ld)y       ^ "z ^ • '(Ig)} 

W     2 2.Je+^   _L -] [(C)Laf 
(ld)y 

(t.i) 

sec (Lot). 2 
 :.   [p3+(_f 1 

(CT)(lg)y     (CT)(ld)y 

1 1 

)P; 

K  '~"z )]P 

(CT)ZWIE 

t«W    (CT)Wy 

^^-,a).u,(cp)-,„(u,,,pJ.rcT-^ 

^p'i(^w,lu,w,»-"'5'clL°',';w'Ep2 

9
 * (CT)ZW2

IK ( 
lv " '(W)y     »- ■ 'dg)y 

I        1 -.- ■ 1 

W 
((CT)(lg)y ' RS(CT)2WIE '"    fi/CT)(ld)y(CT)zW 1F 

IE 1 ,        g      1 
+  =-r=—.   - )p + 

HU)W(gu)y 

(P
3 

1 
(CT) 

>2* 9 9        1 

dg)y 
V   Rs(CT)(ld)v 

)(U)W, 

sec(La.)t 

Rss(au)(aie/CT)2wIE 

fp2 -((CT) W2      ♦ 

(gu)z 

1 

(CT)(ld)y 
)P 

(CT)^       »?            i,,S             S(cmdS)(i,W)S(hfiXe,i)S"(La,>.    . 
 W2 j(U). .,    IP 

(CT) 
IE   J*"'cau 

(ld)y (CT)2WIE 

-(CT)zW2
!r.lp[(U)e(dir)-(U)e(fb) 

S(cmds)(i,W)S(hfi)(e,i)Sec(La,)t 

(CT) W 
p-(CT)?W2

IF](U)e(lfi Xdf) 
z"IE 
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S(cm|SX.,«)S*c(L0,)< 

(cf),w1E 
(p-(CT)zWIE)p(U)i(h(l Kdf) 

1 2,9 

lL,'(lg)y Ks *V*-"<ld)y 

* (1 + sin(Lat)tcos(Laf)t)W,F (p
3 ♦ _1_ p2 ♦ _9 p ♦ ■ -•      1—_)(U)Res 

lL,,(Ig)v Ks       KstL"(ld)y 
(3-24) 

In Derivation i, which follows 5, an expression for    (C)Lat   /   •,  in terms of  r(C)V   ft ■ )     and     (C)N   ,t - 

is derived.   Solving Eqs. (4—11), (3~2i),  and (3—21) simultaneously and ignoring -mall terns, (hire 
results: 

P    * (CT)(U, P    * Rs 
P   + Rs *(CT)(k})   

T  (CT)7P    * Rs   (CT), *(CT)(W) 

1      ,.   1 

* (CT), )p + Rs 
((CT)(M)(CT), (CT)2> [(C)N ft-;> * " i(CT)BWIE 

(CT),WIE
l(CT)(1)      (CT)(W)     (CT)L'

P       (CT)2WIE
lRs 

1 >P^fe      1 
(CT)L(CT){, ,      (CT)(ld)(CT)L ' K .     Rs   (CT)Z(CT)LW,E 

(CT)(ld)(CT)zWIE 
1*E)p*J-i=J—(.- 1 

Rs(CT)(ld/(CT)(M)(CT)?W, 

W1E)J sec(Laf)t [(1)Lo»](cp)    - tan(Lat)t ;p<   * ^py— p'   ♦ ± p 

^^^^V^-^UW^P-^^^P' 

9 1,1 1 g 
-) p - (U)W, 

RS(CT)ZW1E '(CT)(W)      (CT)z'
H     Rs (CT)(M)(CT)L(CT)8W,F   vv" fgu* 

h<cnl-''^-,'^cn,,11^
u'V,, 
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sec(Lat). \ ] 
_     p3     ,    (_   - 

1 

V*' + ((CT)(ld)(cf)~(CTJ>!E "(CT)(U 

S(cmdsXi,w) Sd»fi)(f,i) '"'H '(C r)?w 

)P3 («)•(.») 

1 

n. p*' * ((CT)L(CT),W,; 

1 
w,E)p] (U)«(mxdf) - s(cmdsKiiW) »M—,t ^CT) w sec(Lo»), [;^Ti w"*' 

7 "IF 

* l(CT)L(CT)EWIE      "■*' 
W.F)pM (U)i(hfi (hfi)fdO 

1__    s J  
SfcmdsKi.w) S(hfiXe,l) ««t^t   [(CT)ZW,E

P    +   (CT), (CT)ZW, IE 

- WIE)pJ]   f(U)e(dit)y  - (U)e(fb)l   - S(cmds)(liW) sec(Lat)t [p< * — - p3 

J-P2  +"F-   Tri—PHU)^,*!!  +sin(Lot)tcoS(La,)t]WIFlP' 
R. K      R«   (CT) (Id) 

1       p' -^P* +-^-,7^r-p](U)Res 
dg) Ks Ks (CT)„„, r       Rs "       R, (CT)(ld) 

n-2^ 
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DERIVATIONS   LATITUDE INDICATION 

Refer to Fig. 5-1.   The latitude drive signal is 

'l. =  S(dir)(,,i)L^y   *  '(cp)z*   ~ '(cp)i 

ir)(i.i)L 'y    *  ^dirXi,i)L "  ^ '(q J(d.r)(i p)z 

Since the drive rotates  at the indicated latitude rate, but in the opposite direction, 

PM   =   ~ ^LdsXi,*) !L 

From Der. 3, Eq. (3-6) 

1 
{ - (L*)t 

w(cmdsKi,«) 

♦ [WIE  ♦(Un)t][(C)V](ti)x$in(U)t 

♦ [W,E  +(Mt][(C)N](t(i)cos(Lal)t 

-p[(OV](t.)y -(U)W(gu)y) 

(4-1) 

(4—2) 

(4-3) 

Assume as in Der. 3 that  Wjp  >> (Lin)t ,   and that  x-coupling may be neglected.   Substitute Eq. (4-3) 

and Eq. (4-1) into Eq. (4-2).   The result is 

„    v e ^LdsXi,«') .... 
p(Lof)i  - " S(dirXi(i)L  i  - (L*)t 

J(cmds)(i,W) 

+ S(cmdsXi,«) !(cp)Z   *  W1K  t(C)N](t,i) C0S(H 

" P «CWft.Ov   - (U)W(gu)y >   +  S(LdsXi,?) !(cp)2 

(l)(Lot)(cp)   ^  S(CmdsXi.W)'(cp)z   ~^-C"\ 

[(C)Ul]<t(i)   - (LoOt -(Lot); 

Define 

and 

set 

*(LdsXi,W)   '   ^cmdsXi. 

(4-4) 

(4-?) 

W) 

(4-6) 

(4--) 
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Then 

pKC)Ltj(l#iJ - s(dirKM)L m\J*\cp) 

• WIK[(C)N]{t<i)cos{Lal)t  - p UC)V]{ti)y 

-{U)W(gu)y} -d)(Lrt)(cp) (4-H) 

Transposing terms in Kq.   (>21)    (ignoring   x-coupling, exrtpt for »-gyro drift), solving (or 
L(C)NL. >I   in terms of   p[(C)N}(, ;*,   and multiplying through by   (CT)?WjFl gives the following: 

»IE   ^C)N,!t,„  * -%.(CT)zp[(C)N](lii)+S*c(üt)tp[(C)V]{ti)y 

X   (CD.sectUt), M(C)V(ti)y  • r(c)U](,fi)} 

♦ sec(Lat)t (U)W(gu)y   - W!h (CT)?;ton(Lrj)t:(U)W,c,j):, 

- WH..(CT)z(U)W(gu)z -(lW(cp)«cM, 

-W.K(CT)2S(cmds)niVt)isec(U)t:(U)i(dirl2 

♦ [1   * sin(Lat)tcoS(üit)tlW^ (CT)? [(U)R«] (4-9) 

Defii 

•'(dirXi.iJL 
WIE   "   SfdirXi,i)L^,'zWIE Irj) 

dir)(i,i)z ^ * 'L 

Substitute Kq. (4-7) in Kq. (4-6), utilizing Kq. (4-8).   There results, 

[P ♦(-—] t(OU](tti) - -{c~y [(OV](tii)v 

w;E (CT)L 
p[(C)N](t<ncos(Lot)t 

(,XU*W) -(cf)LwI;
sin(U)'(u)w^«)* 

3(cmds)<i,W) 

lCT)LWIE 
(U)'(dir (dir)z 

a—in) 

♦   [1   *  sin(Lat)tcos(Lot)tJ t(U)Res](CT    cos(L*\ 

R8 



(mW,"   ^os(U,)tMU)V)2 
(4-Jll 

'I. "II 

To eliminate    i(C)V   (,,,.,  and    [(C)N'(t j,, Kq. H--21) and (J-.Ht arc utilized.   Then simultaneous 

solution is (omitting small quantities!; 

1 
49,9 

P       4    rT   P       *   -■ 
1 1 

(CT)n    -       R, "       R/(CT)fld)      (CT)7 
)P: 

1 

Rs (CT)(lil)(CT),      (CT), (CT)/K 

9 1 , 1 
* RS (Cf WCThJcTl,   (C)Lo, "•" % ' (CTIJICTTJW, 

(CT),(CT),(WIF)ä   l(CT)(U,     (CT) )P' 
(id) 

1. L r 2 

Rs (CT), (CT)Z(W,K)-'   p    * l(CT)nf,;(CT), (CT), 

-,9-(    ' 
l.i 9.1 1 

/FTT >>  ' o   W»       + IFTT) ' (l )(L<n R5'(CT)flii)     (CT)/'"     RS
V(CT)(U,     (CT), 

t(WcTÄ:(P+^)Sin(La,MU)W( 

_9_„ 1  
Rs (CT)L(CT)Z(WIE)J P(P *=^— )(U)W(guh 

1 
(P 

1 

Rs (CT)L(CT)7W„. "     (CT)(ld 

)cos(Lot)!(U)W(     7 

1 
:   P      * (CT), (CT)7 

l(WIE)2 r      (CT)ndl(W„); w    P     *   P 

(CT)(W1  R,S(aij^a(C) 
(U)i (nil) 

^cmds)(i,W)'(hfiXe,i)Vcj)  (CT)      (W)2   ^   *      L^e(Hir)y   " '^'•(IMJ 
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* S(c-i.Ki.w)S(hüXe.i) (CT)L(CT);((WIK)5 pS ' i)(U)i'if..n-if» 

♦*«wn.*> (CT)JCT), ((W1Fr 
P' *pHU,i«'«wn 

1 r,     1 J      ,    ,        9        1       D 

♦ 5(cmJsx,,«) (CT)LW„.      (CT>,      (CT),,'P       Rs (CT)Z 

9^ 1       /in: 
Rs (CT)(ldl(CT), : ""»■""* 

g cos (Lot), 

•t <cTf^y;f"Ii"(U,,'"'lu,),1,p*i"i JJRes     (4-12) 
Uii 

In Derivation 9 of Part i it »as shown thai 

[(C)Lot](M)   -   f(OV](t)l)y   -   UOPAi(t(i) 

where t(QPA],t j,   »   correction to the indicated polar axis. [(QV](ti)),  becomes of interest 

in the discussion of roll and may also be obtained through the simultaneous solution of 

Eq. (3-21), (3-23), «nd (4-11). as follows: 

(4-13' 

(CT)(lg)
r       RS

H    ' R,   (CT)(ld)      (CT),"    ' R,'(CT)(U,(CT), 
,v  t _J__p4 tIpJ(l(- )P3 

1      _x     JL -J      (rw 
+ (CT)L(CT), } P + Rs   (CT)(ld)(CT)L(CT), '<** 

1 
) p   *7ir^— v, 

1 
l(CT)(ld)     (CT)2      (CT)(Ig>'"     (CT)/(CT)L     (CT)(U, 

2 

/fid)"- ' /I.vv- "* v~ ' 'L 

1      .   . 2     2 1 

* (CT)n;,)p3 * (CTJCT),;, 
P)(U)W'^ " (P< * ((CT\ * (CT),,, 

ftO 



U-M,b> • fcf^ • (cf, ->,■ • (CT)||Tln<|Pl(u»w,^ 

1 
[p'   '( i>-*T)p' 

H.ix ■ /(JK) 

1  ,  1 
R.W,.) (CT)(ld

_;     <CT)/P    * (CT)/(CT)L ' (CT){W 

¥ (CT)(lJCT)JcY)Ji[}U<*u>  ' S{cnKiSK,,«)S(hf1Ke,i)tp'  + (CT)^P 

)P 

* (CT).(CT)    P^U^(liHKdn   *  ^cmdsKi.^^hfiKejy^P3 
i,\y- i i.L (CT), 

* (CT),(CT7, p)t(U)^-r>y - (")•(«,)] * Sfc«uxi,w)wif :V 

'te/'icn'^fCTiiT);^"»^ /(lg)\v, I /, 

%: cos(Ltrt)t[l  ♦ sin(Lat)tcos(Lot)t][p
3  ♦ ( 

(CT),       (CT)flg 
)P5 

(CT)(W(CT), 
p](U)R. :es (4-1+) 
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DERIVATIONS.   LONGITUDE INDICATION 

Kefer to Fig. 5-1.    the longitude drive (upper right-hand cornel of the figure) rotates at the indicated 
celesti»! longitude rate: 

P(LHcel>i   =   S<ldSXe,^ %g> ('-i} 

where (Lan)(ccj^   is the indicated celestial longitude and   e,     ,   is the output of the integrating gyro 

unit mounted on the longitude gimbal, 

MceDi   -W(lE)i   'Wi (5-2) 

%g)   lS(sgK^.e)*g ""« 

where   A     is the gyro gimbal angle.   Define   W-p .,-   as the angular velocity with respect to inertia! 

space sensed by the longitudinal gyro.   Then the torque balance for the gyro unit is 

H[W{PA)i  *(U)W(gu)1  -rfU^J-cp^ 

From the foregoing 

P3^cel)i   " We,*ASgXA,*>(7)[W(PA>i   * (U>W(gu>l   " "Hcfl)i] <5~51 

(PAH   may ^' evaluated as follows.   From geometrical considerations 

W(PA)i  * (W(IV);)X eos(U);  - W(JN)i sin(Lfj); (5-6) 

From Derivation 3, Eq. (3—1), 

W(IN)i   *  StcmdsKi.W)1*   * ^U'W(gu)z <*"» 

Substitution of Fq. (3-16) into (3-A) and solving for   $fcmJswj T)' z results in the following 

W(IN)j   -  - (Un)t sin(U\  -(Ü*)t[(C)V3(tih  - (Lin), [co$(U)t] [(C)V](, ,)y 

- P [(C)Nl(ti)  - WIR sin(Lo»)t  - f(C)Vj(ti)v W,F cosfl-of), (5-?) 

Solving Fq.(3-0) for   ^j^j^i^   *  W%U)T,   there result, 

(W(rv)i>,   *   fWlF   * (Lin),l cos(Lut)t  -  [Wj,   ♦ {lin)t] [(C)V](ti)y sin(U), 

♦ (U»)t [(C)N](ti) -p[(OVl(ti)l (5-9) 
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From Eqs. (5-7) and (5-9), (5-6) becomes 

W(PA)i   =   (WIF   +vUn)tl [cos(Laf)t cosdrt);   ♦ sinfLr^sin/Lo!}; ] 

t(ti)t[(C)Nl( 0coi(L*)j  ♦  {(Lr*)tsin(Lot)j   - [cosM;]?} t(C)V](t {)l 

♦   [sin(Lx»)i]p((C)N]Ctii) 

Define 

[(C)Lt](t(i)  MU)t -(Lol); 

Then in the first term on the right in Eq. (5-10), assuming  [ ('„) Lot; /   ■■, is a sinal] angle, 

cos(Lo»)t co$(Lx*)i + sin(Lo»)t sin(Loj)j 

- cos [(Lot), "(Lot);]  - cost(C)(Lrt)](ti) « 1 

Ignoring second-order terms, Eq. (5-10) now becomes 

V\)i ■ WIE + (Lon)t + (Li,)t [(ON](ti)cos(Lot)j 

* \[\J*)tsm(\j*)t-[cost\j*)tl p] [(C)V](ti)x 

♦ [sinMt]ptC:)N](eii) 

Eq. (5—5) may now be written 
u 

[P   * S(ldsKe,W) S(sgXA,e) 1~) ] P^ceDi 

(5-10) 

(5-11) 

(5-12) 

(5-13) 

■\ld.Xe,W)WA.«)yl  WIH   +M   WÜ*)t[(C)N](rii)=os(L*)t 

♦ {(Üt)t $in(La»)t - [cosMt]PH(C)V](ti)jt 

♦ [sin(Lol)t]P[(C)N](t(i)j ♦ S(ldsXc>w)S(sg)(a?e){")(U)W(gu)1 (5-14) 

Define 

Note that 

(CT)     * S<Ws)(e,W) SfsgXA.e)'") 

(Lfln\cel)t   '  W IE     + ^\ 

(5-15) 

(5-16) 
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fp  ♦ (CT) ] p(Lon)(cei)i   " (CT)   PMccDt   * (CT)   <(Lit)tcos(Lrt)t 
'1 

♦   [sin(LaOt]p}[(C)N](tU  ♦      |    {(lit), sin(La»)t 

- [ros(U)tlp} [(C)V](t(i)l  »ic^WJW^, (3-17) 

Define the sidereal time drive angular velocity   W- j  ,   as follows 

W(tds)   *  PM(cel)i   " P^i   " W(IF). (5"I8) 

Substitute Eq. (5-18) into Kq. (5-17) and multiply by  (CT)i 

[1  ♦ (CT),p]p(Lon)i  * (1   ♦ (CT),p)W(tds)  • P(Mt  ♦ Wffi  * (U)W(gu)! 

♦   [(Lit), cos(Lo»)t  t (sin(Lc*)t)p]   t(C)N](ti)  *   [(Lit), sin(U)t 

- (cos(U)t) p]  [(OV](ti)x (5-19) 

Define the inaccuracy in the time drive angular velocity 

Ö)*W.)   •*<*.)   "«IE ^20> 

Define the correction to indicated longitude: 

[(C)Lon](ti) ä(Lon)t - (Lw). (5-:n 

then 

[1  * (CT),P] p[(C)Lon](t>i) = (CT)lP
5(Lon)t  * (1  ♦ (CT), p)0)W(tds) 

+ (CT),WIE  -(U)W(gu)1 [(Lc*)teo^Lol\   ♦ (sin(Lat)t)p]   [(C)K](ti) 

- [(lit), stn(U)E - (cos(Lo»)t) p]  [(OV](ti)x (5-22) 

The variation in Earth rate is very small;  therefore, 

pWI£     = 0 (5-2?) 

Integrating F.q. (5-22), there results 

[1  ♦ (CT)lP] [(C)Un]W) ■  [(C)Lon](t;)o ♦ (CT), [(C)Lin](ti)o 
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♦ (CT), [p(Lon)t  - (p(Mt)03   * (CT), [(DW(tds)0 

♦|[(l)W(tds) -(U)W(KU)!3   -J L(i)W(tds) -(U)W(j?u)!]   -n{[(lJ»)tcos(Lar)tt (sin(Laf)t)p] [(C)N](M) 

[(U)t sin(Lar)t  - (cos(U)t)p; i(C)V](t l)x } (5-24) 
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DERIVATION 6.   GROUND-SPEED INDICATION 

1'he true ground speed is   R   W,,-,,,  , where   R    is a set value of the Karth-radius and   W„ ,Tj 

given in terms of its components by: 

W(RV)t  = Vf(Lon)tcos(Lat)t]
2  ♦ (Lh)- <C-\) 

From the above, the true ground speed, which is the magnitude of the true velocity of the base with respect 
to the Karth, is: 

v(FH)t   * Rs V'(Lon)t cos{Lot)t'*   + (Lot),2 

Case I.   The vertical indicator as a source of ground-speed data. 

"he quantities in Kq. (<'i-l) are, in part, implicit in the »-and y-gyro units' orientationa! control 
signals, as follows: 

(6-2; 

% '(IVXi)x 1 

lcmds)(i,T)        V-mds)(i,*) 
{f(WJK   ♦ (Lon)t: cos(Lot)t 

-  [WIK  * (Lbn)ti 'sin(Lot)tl '(C)V](ti)y   ♦ (Lit), [(C)N](t>i) 

-p[(C)V](t|i)x-(U)W(gu)!t} 

1 

(6-\) 

W(IV)(i)y 

^cmdsXi,«-)        ^(cmdsKi.w) 
(Lot), 

♦ [W[E  ♦ (Lin)t] [sin(Lot)t] F(C)V](ti)]t 

♦ [W1E  ♦ (Lin)t] :cos(Lot)t] E(C)N](t(i)  - p[(C)V](tii)    - (U)W(gu)yj (6-4) 

Define the gyro-unit signal compensating for the horizontal projection of the Earth's daily rotation with 
respect to inertial space as follows: 

w, (IFXcp) 

s, cos (Lot), (6-M 
(cmds)(i,W) 

The quantities  i   ,   i     and   i„,   may be combined as follows to obtain the indicated ground speed, in a 

way analogous to Eq. (6-2): 

V(H V)i    *   Vmds)(i,w')  "s V(l x       'W i»r + i.: (r-fsl 
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(t,H 

From Eq. (6-V), (6-4) and (6-6), 

¥(EB).   - Rs { {(LAB), cot(Lot),   . W„. cos (Lot),   - W,„ ,:)(c),, eos(Lot), 

- W1K  * (Lon),;   sin(Ui)^   (C)V;(I1,V  . (Lot), !(C)N](t 

- p!(C)V](li)j "(U)W(MU)X^  .   [   -(Lit),  .   "W,, 

♦ (Lin),    [sin(Lot)t; [{C)V;([.;)X   <     W,,   . (Lin)," 'cos(Lot), "'(ON" {t>i, 

-pi(C)v:f,;i)v -(U)wf.,ulv:^ 

Define 

and 

0*([F-Xcp) (IKXcp W,T,-„   , - w )       "IF- 
(6-6) 

(C)Lotjfti) - (Lot),  - (Lot); 

From Eq. f''1-''). 

cos(Lot):   3 cos(Lat),   +   r(C)Lot](ti) sin(Lat), 

Substitute the last three relationships into Eq. (6-7), and expand the square root by the binomina 

theorem, utilizing Eq. (6-2) for   »fpjjw   Note also th.  • 

Rs(Lon)t cos(Lat), 

'(EB)t 
cos(Az)t 

and 

-R8(LMf 

r(F.R)t 
sin (Az), (6-1. 

The expansion of the square root, ignoring second-order quantities, then results in the follpwinr. 

*(F.B)i   '  *(EB)t   +  Rs  « - 0>W(IEXcp)   " WIK «C)U}fti0 sin(Lot)t 

- fW|K  ♦ (Lon)t;isin(Lot)t-;(C)Vl(,iH.  * (Li»), [(C)N](t ,, 

- p[(C)Vl(ti)x  -(U)Wfgu)x]coS{Az)t   ♦ (:Wn^(Lin),-sin(Lo»V;(C)V(l|)j 
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.    W„   •  (Lön)t;:cos(Lat)tlHC)N'(tl,  - p '(C) v: ftih 

- (U)W(    h )  sin (At),  • f*-H) 

(\*se II.   'self-erecting latitude indicator and c e 1 es?id-]-K ait h-rate* tratkitix Umgitude indicator ss sources of 
gfound-spce d data, 

These indicators .ire discussed tn Derivations 4 and ^respectively.    My differentiation of I =;. f4~C) in 
Derivation  \, the indicated latitude rave cuo be given hv: 

p(Lat);   - (Lat)t   - p (C)Lat  f[i]   =  $n.UiX;,«';'l. ,f._]4. 

From equations .;<._|<>) and (s — Ju> of Derivation ', it   (CT)|   is sufficiently small, 

pdon);   "  (Un)t   - (l)W,,     , (U)W(,u,,   ♦ (Lbt)tr(C)N:ftii)eo»(Lot)t 

*   '$iji(Lat)t] pf(ON:(!i)   * (Lbt),  '(C)V {ti)x sin(Lat), 

- :«s(Lat)t]p
r(C)v;ftiüjt - s,WsXiiT) i, c*-^ 

For ground speed indication using the foregoing, consider the following expression for   V,pr>,j 

YfKB)i   " Rs    V-plLon);; cos(Lot); }2   ♦   fp(Lot)j]2 (6-16) 

These quantities are obtained from the system as follows.   Longitude rate is obtained as a current derived 
from the output of a tachometer geared to the longitude indicator.   If the sensitivity of the tachometer and 
irs associated circuits is   Sr,\   j   and the output is   \j, 

1 
p(Lon); 

*T(l,i 
(6-P) 

Indicated latitude is proportional to i.tn latitude gimbal drive signal, from Fq. (4—2) of Derivation 4: 

From the foregoing, 

r(KB)i * R„ V s(L0t);] 
JT(l,i) 

*(Ids)(i,T) *L (6-18) 

The square root may be evaluated as follows.   From Fq. (6—10): 

cos(Lot):   3 cos(l_ot)t   *   f(C)Lert:(ti|) sin(Lat)t «4-10) 
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so that, it&m cq. C6—!*>}: 

p(Lon),; cos (Lot) i   * (L6«i)t eostLcrt),   t (Lon)(   (C)Ltrt flij sinfLo«), 

- (l)W,is cos(Lat),   • (U)W(KUj! cos(Lot), . (Lot),   (ON (!j! cosJ (Lot), 

•     sindot^cosfLot),; p (C)N  ,,(|1   •  (Lot), :(C)V,ti;, sin(Lot),coS(LotK 

From Hq. ((--2), 

v(FB;t  - Rs    V"[(Lon)tcos(Lat)t:
5  * (Lot),2 

Therefore, ignoring small quantities I» itit- binominal expansion of the rqu.ire root, 

V(KB)i   *   VU-Wt 

* Rs   {[(lin), :(C)Ut:(tiisin(Lo»)t   - (l)Wtdscos(Lot), 

* (U)W^,:I, eos(Lat)t  ♦ (Lot), [(C)N:ft>i, cos2(Lat), 

* [sin(Lof)tcos(Lat)t] p:(C)N:flil 

+ flirt), :(OV:fti)rsin(Lat)tcos(Lot)tj cos (Az)t 

-  [p[(C)Lot]ft ir sin(Az)t } 
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